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ABSTRACT O F  THE DISSERTATION 

Optimal Investment and Consumption Strategies 

For  a Class of Utility Functions 

Nils Hemming Hakans son 

Doctor of Philosophy in Business Administration 

University of California, Los Angeles, 1966 

Pro fesso r  George W. Brown, Chairman 

This r e s  earch  formalizes  Irving F i s h e r ' s  model of the individuai 

under r isk,  and represents  a t  the s a m e  t ime a generalization of 

Pheips '  model of personal  saving (Econometrica,  October 1962). The ---- 
objective of the individual i s  postulated to be the maximization of ex- 

pected utility f rom consumptior, over t ime where the horizon i s  a r b i -  

t r a r i ly  distant. The individual's r e sources  consist  of an  init ial  capi- 

ta l  p o s i t i o ~  (which may be ~ e g a t i v e )  and a noc-capital income s t r e a m  

which i s  known with certainty but which may possess  any time-shape. 

The individual faces both financial opportunities (borrowing and lend- 

ing) and an a r b i t r a r y  number of productive inve s tmeat  opportu.nlties. 



The in teres t  r a t e  i s  presumed to be known and invariant over t ime;  

the case  when the borrowing ra t e  exceeds the lending r a t e  i s  examined 

for a specialized model. The re turns  fromithe productive opportuni- 

t ies  a r e  assumed to be random variables,  whose probability d i s t r i -  

butions may differ f rom period to peri.od. The basic (F isher ian)  

character is t ic  of the approach taken i s  that the portfolio composition 

decision, the financing decision, and the consumption decision a r e  

a l l  analyzed simultaneously in - one model. The vehicle of analysis i s  

d iscre te- t ime dynamic programming. 

Optimal consumption and investment s t ra teg ies  a r e  derived for the 

"3 j-1 
c lass  of utility functions a u(c i ) ,  0 < a < 1, where c i  i s  the 

Y amount of consumption in period j, such that u (c )  = c , 0 < y < 1, 

u (c )  = - cVY,  y > 0,  u ( c )  = log c ,  o r  u ( c )  = - emYC,  y > 0. 

The optimal consumption s t rategies  turn  out to be l inear  and in-  

creasing in  wealth and in  the present  value of the non-capital income 

s t ream.  In three  of the four models studied, the optimal consump-, 

tion s t rategies  satisfy the propert ies  specified by the consumption 

hypqtheses of Modigliani and Brumberg and of Fr iedman precise1.y. 

The optimal lending and. borrowing strategi.es a r e  faun-d to be lin- 

ea r  in wealth. Three of the models always call  for borrowing when 

the individual i s  poor while the fourth model always cal ls  for ler-iding 

when he i s  sufficiently rich.  

The optimal investment s t rategies  have the surpris ing property 

that the optimal m i x  of r i sky  (productive) investments in each model 
... -" 



i s  independent of the individual's wealth, non- capital income s t r  earn, 

and impatience to consume. It i s  conjectured that the c lass  of utility 

functions examined i s  the only one fo r  which this property of the op- 

t imal  investment s t rategies  holds. 

The precedipg resul t  appears to have significant implications with 

respec t  to the theory of the firm. Starting with a collection of hetero-  

geneous individuals, each of whom i s  bent on maximizing (his own) 

utility f rom consumption over time, i t  i s  shown that there  exists a 

basis for the formation of f i rms  by sub-collections of individuals, 

where each sub-collection i n  turn  possesses  significant heterogeneity. 

Each f i r m  so formed is  found to have a well-defined (unique) objective 

function, which may be interpreted a s  imputing a prec ise  meaning to 

the t e r m  "profit maximization" under r i s k  and with respec t  to time. 

Since the capital  s t ruc ture  of the f i r m  i s  found to be unimportant, an 

unexpected t ie-in with Proposition I of Modigliani and Miller i s  

obtained. 



CHAPTER I 

THE BUILDING BLOCKS 

The objective of this r e sea rch  i s  to derive optimal investment and 

consumption s t rategies  for  individuals f rom al ternat ive but fundamen- 

ta l  starting-points,  to examine and classify their  propert ies ,  and to 

analyze their  economic implications, par t icular ly in respect  to the 

theory of the f i rm.  The point of view, therefore,  i s  essentially p r e -  

scriptive,  placing the study i n  the domain of normative decision theor)-. 

In this chapter,  the various components of the economic decision 

problem to be studied a r e  constructed. The objective of the individual 

i s  postulated to be the maximization of expected utility f rom consump- 

tion over t ime where the horizon i s  infinitely distant. The individual's 

resources  a r e  assumed to consist  of an  init ial  capital  position (which 

may  be negative) and a non-capital income s t r e a m  which i s  known with 

certainty but which may pos ses  s any t ime-  shape. The indi.vidua1 faces 

both financial opportunities (borrowing and lending) and an  a r b i t r a r y  

number of productive investment opportunities. The borrowing r a t e  

may  exceed the lending r a t e ,  but each in teres t  r a t e  i s  presumed to be 

known and invariant over t ime. The re turns  f r o m  the productive op- 

portunities a r e  assumed to be random variables ,  whose probability 

distributions may differ f r o m  period to period. 

The components developed in Chapter I a r e  assembled  into a formal  

model in Chapter 11, where the main  resu l t s  a r e  derived. The funda- 

mental  charac ter i s t ic  of the approach taken i s  that the portfo1i.o com- 

position decision, the financing decision, and the consumption 

. . .  - '  



decision a r e  all analyzed simultaneously, The basic model developed 

in  this study may therefore be viewed a s  a formalization of Irving 

F i s h e r ' s  model of the individual, a s  given in  The Theory of Interest ,  

under r isk.  At the same time, it represents  a generalization of 

1 
Phelps'  model of personal  saving. The vehicle of analysis i s  

d iscre te- t ime dynamic programming. 

Optimal consumption and investment s t rategies  a r e  derived for  the 

amount of consumption in period j, such that e i ther  the r i s k  avers ion  

index -u"(x) /u ' (x)  o r  the r i s k  aversion index -xu"(x)/u ' (x)  i s  a posi-  

tive constant for a l l  finite x > 0. It i s  shown that u(x)  belongs to this - 

c la s s  i f  and only i f  u(x)  i s  s t r ic t ly  concave and sat isf ies  one of the 

th ree  "Cauchy" e q u a t i o ~ s  u(x -t y) = u(x) I U ( ~ )  I, u(xy) = u(x). -t u(y),  

Y -7 o r  ~ ( x y )  = U ( X ) I U ( ~ ) I ,  i. e . ,  u (c)  = c , 0 < y < 1, u (c )  = -c , 

y > 0, u(c)  = log c, o r  u (c )  = -e lYc,  y > 0. 

Section 2. 6 i s  devoted to a discussion of the proper t ies  of the opti- 

m a l  consumption strategies,which turn  out to be l inear and increasing 

in  wealth and in the present  value of the non-capital income s t r eam.  

Edmund Phelps,  "The Accumulation of Risky Capital: A Sequential 
Utility Analysis, I '  Econometrica,  October 1962. 



In t h r e e  of the four mode ls  studied,  the op t imal  consumption 

s t r a t eg i e s  sa t i s fy  the p rope r t i e s  speci f ied  by the consumption hypo- 

t he se s  of Modigliani and  Brumberg  and  of F r i e d m a n  p r ec i s e ly .  The 

effects  of changes  i n  impa t ience  and  i n  r i s k  a v e r s i o n  o n  the op t imal  

amount  to consume a r e  found to coincide with o n e ' s  expecta t ions .  

However,  i n  r e sponse  to changes in  the " favorab leness"  of the inves t -  

men t  oppor tuni t ies ,  the  four  models  exhibit a n  exceptionally d i v e r s e  

pa t t e rn  with r e s p e c t  to consumption behaviour.  

Neces sa ry  and suff ic ient  conditions fo r  capi ta l  growth a r e  de r ived  

in  2.  7 .  I t  i s  found that  when the one-per iod  utility function of con-  

sumpt ion i s  logar i thmic ,  the  individual wil l  a lways  inves t  the  cap i ta l  

avai lable  a f t e r  t he  a l lo tment  to c u r r e n t  consumption so  as to max i -  

m i z e  the  expected growth r a t e  of cap i ta l  plus the  p r e s e n t  value of the 

non- capi ta l  income s t r  e a m .  

Section 2.  8 d i s cus se s  the p rope r t i e s  of the op t imal  lending and  

borrowing s t r a t eg i e s ,  which a r e  l i nea r  i n  wealth. .  T h r e e  of the  

mode ls  a lways  ca l l  fo r  borrowing when the individual  i s  poor while 

the four th  mode l  a lways  ca l l s  f o r  lending when he i s  sufficiently r i ch .  

It a p p e a r s  that  a  posit ive r a t e  of i n t e r e s t  wil l  always ex i s t  i n  arc eco-  

nomy composed  of individuals obeying one  of the four  mode ls  as long 

as the  combined wealth is (substant ia l ly)  posi t ive .  

The op t imal  inves tment  s t r a t eg i e s  have the s u r p r i s i n g  p rope r ty  

that  the op t imal  m i x  of r i s k y  (product ive)  inves tments  i n  each mode l  

is independent of the  individual ' s  wealth,  non- capi ta l  income s t r e a m ,  

and  impa t ience  to consume.  It is shown i n  2. 9 that  the. op t imal  m i x  

depends i n  each  c a s e  only on the probabil i ty d is t r ibut ions  of the 
, .  L >  



re turns ,  the in te res t  ra te ,  and the individual's one-period utility 

function of consumption. It i s  then conjectured in  2.  11 that the c l a s s  

of utility functions examined i s  the only one for  which this property of 

the optimal investment s t rategies  holds. 

The preceding resu1.t appears  to have significant implications with 

respec t  to the theory of the f i rm.  Starting with a collection of hetero-  

geneous individuals, each of whom i s  bent on maximizing this own) 

utility f rom consumption over t ime,  i t  i s  shown in 2 .  11 that there  

exists a basis for the formation of f i rms  by sub-collections of Indi- 

viduals, where each sub-coll.ection i n  turn  possesses  significant 

heterogeneity. Each f i r m  so  formed i s  found to have a well-defined 

(unique) objective function, which may be interpreted a s  imputing a 

prec ise  meaning to the t e r m  "profit  maximization" under r i sk  an.d 

with respect  to t ime,  Since the capital s t ruc ture  of the f i r m  i s  found 

to be unimportant, an  unexpected t ie- in  with Proposition I of 

Modigliani and Miller i s  obtained. 

In Chapter 111; the resul ts  obtained in Chapter IX a r e  il.lustrated by 

means of examples, and some of the appl.ications to which the model 

lends itself a r e  discussed. It i s  noted that the model Is  app1.icabl.e to 

the balanced mutual fund a.s well a s  to endowed educational and cha r -  

itable organizations,  In the last  chapter,  the relationship between ths 

model developed in this study a.nd other investment and consumption 

models i s  examined. 

1 . 1  INVESTMENT VS, CONSUMPTION -- 
Fisher  defined cdnsumptiori a s  spending for "more  o r  l e s s  imme-  

diate enjoyment" and investicg a s  spending of money for "more  o r  . - '  



l e s s  deferred enjoyment. " Turning to the more  popular authors,  

Loeb, for example, wri tes  that "the purpose of investment i s  to have 

funds available a t  a la te r  date for  spending. 1 1 2  In a different passage 

he s tates  : "Any ea rne r  who earns  m o r e  than he can spend i s  automati-  

cally an investor.  It doesn't  mat te r  in  the slightest  whether he r e a -  

l izes  that he i s  investing. l~~ While no hard  and fast  line can be drawn 

between what constitutes consumption and what constitutes investment, 

consumption i s  perhaps best viewed a s  the exchange of present  dollars 

for immediate o r  near- immediate  p leasures .  Investment, by the 

same  token, may be looked upon a s  the expenditure of present  dol lars  

in the hope of receiving (future)  dol lars  a t  some future t ime. 4 

We shal l  now show, by intuitive reasoning with respec t  to the in- 

vestment decision, that no reasonable a p r io r i  basis exists f o r  t r ea t -  

ing the investment and the consumption decisions of individuals 

non-jointly. 

1 
Irving F i she r ,  The Theory of Interest ,  New York, MacMillan, 1930, 
reprinted, Augustus Kelley, 1965, p.  1 14. 

Gerald Loeb, The Battle fo r  Investment Survival, New York, Simon 
and Schuster,  revised e d . ,  1965, p. 129. 

3 Ibid. ,  p. 9 .  - 
4 By this distinction, the ownership and occupancy of a family home 

i s  c lear ly both investment and consumption. The down payment, 
including the difference between mortgage payments plus expenses 
minus the rental  value, if positive, constitutes an investment. The 
foregone rental  income constitutes consumption. The r e tu rn  on the 
investment i s  composed of the rental  value l e s s  mortgage payments 
and expenses,  i f  positive, plus the final proceeds f rom the sa le  of 
the house. 

The consumption of food, for example, might a lso be called an 
investment in  that it p re se rves  the health necessary  for survival.  
However, we shal l  not take this view he re .  



The investment decision - characterization. The investment 

decision, like most  problems of decision posed in a real is t ic  way, has  

two fundamental character is t ics :  i t  i s  sequential and it i s  taken under 

r i sk  o r  uncertainty. A sequential decision problem i s  a problem ex- 

tended i n  t ime,  i n  which the consequences thus f a r  of decisions taken 

i n  past  periods become initial conditions for present  decisions. A 

decision problem under r i s k  o r  uncertainty i s  one in  which the model 

employed does not a s sume  perfect foresight. 

The investment objective. Any normative model presumes  the ex- 

is tence and availability of an objective function. Thus, the derivation 

of "optimal" investment s t rategies ,  for example, i s  contingent upon 

the proper  and prec ise  specification of the maximand. In the case  01 

the f i rm,  there  i s  wide disagreement as  to what i ts  objective should be, 

a disagreement which shows no sign of narrowing. Even if one were  
\ 

to adopt the classi.ca1 postulate of protit  maximi.zation, one immedi-  

ately runs into conceptual difficulties: what does i t  mean  to maximize 

profits under r i s k  o r  uncertainty? &d even in the case  of certainty 

one faces  the inter temporal  question: when do .we maximize profits ? - 
Since all claims to the capital of the f i r m  res ide  in Individuals, i t  

s e e m s  reasonable that the objective of the f i r m  should be a t  leas t  

grounded in  the.objectives of the individual investors  of equity capital.. 

1 
The various objectives suggested i n  the l i te ra ture  a r e  too numerous 
to be discussed here.  J7or-a tas te  of the different proposals,  the 
reader  i s  r e fe r red  to Richard Ells, The Meaning &f Modern Busi - 
ness ,  New York, Columbia un ive r s i ty  p r e s s ,  1960, pp. 117-21; 
Charles Grainger,  "The Hierarchy of Objectives, " Harvard  Busi- 
ness  Review, May-June 1964; and Pe te r  Drucker,  "The Objectives 
of a Business ,"  The Prac t ice  of Management, New York, Harper  
& Row, 1954, ppm, 126-129. 



If, t h e r e fo r e ,  one views the objective of the f i r m  a s  der ived,  i n  s o m e  

fashion,  f r o m  the investment  objectives of individuals,  the l a t t e r  be -  

come  a logical  s tar t ing-point  ill a n  examination of inves tment  objec-  

t ives  in genera l .  

While the object  of inves tment  act ivi ty i s  capi ta l ,  capi ta l  p e r  s e  

o f f e r s  nothing to the individual u.ntil i t  i s  spent .  Thus,  the value,  o r  

utility, of capital. i s  de te rmined  by the  enjoyment de r ived  f r o m  the  

consumption i t  buys.  In. the  words  of F i s h e r  

Money i s  of no use  to us  unti l  i t  i s  spent .  The u l t imate  
wages  a r e  not paid i n  t e r m s  of money  but i n  the enjoy- 
men t  i t  buys.  The dividend check becomes  income in  
the ul t imate  s e n s e  only when we ea t  the food, w e a r  the 
c lothes ,  o r  r i d e  i.n the automobile which a r e  bought with 
the check. 

Since consumption,  the re fore ,  i s  the ul t imate  s o u r c e  of a l l  pecu-  

n i a r y  uti l i ty,  we a r e  u l t -mate ly  led ,  i n  ou r  s e a r c h  fo r  op t imal  i r ~ v e s t -  

m e n t  s t r a t eg i e s ,  to cons ider  individuals '  ut i l i ty functions fo r  a l t e r n a -  

t ive consumption p r o g r a m s .  But this  i s  exact ly  what we would do if 

we w e r e  i n t e r e s t ed  i n  d e t e r m i n i ~ g  his  op t imal  coosumpti.on s t r a t eg i e s .  

It i s  c l e a r  a t  th is  juncture  that  the individual 's  economic choice p rob -  

l e m  i s  two-fold: how much  to  inves t  ( o r  a l ternat ively ,  how much  of 

one ' s  capi ta l  to consume p r e s e ~ t l y l ,  and .- how to invest  that  capi ta l  

which i s  not p r e sen t l y  c o n s l ~ m e d  (i. e . ,  how to a l locate  i t  among 

avai lable  oppor tuni t ies) .  While these  two a spec t s  of the  p rob l em 

have been examined a t  length separa te ly ,  a joint invest igat ion of th.e 

p rob l em a s  a whole, with the exception of F i s h e r ' s  c l a s s i c  work ,  

~ p .  c i t . ,  p. 5 - -  



The Theory of Interest ,  and the writings of Hirshleifer,  s t i l l  s eems  

to be lacking. This i s  the m o r e  surpris ing since,  when the problem 

is viewed in this light, one i s  hard  put to find an a p r io r i  reason for - 
assuming the two decisions to be independent of one another. 

1. 2 T H E  U T I L I T Y  F U N C T I O N  

The preferences of the individual, then, which must  be translated 

into an objective function a r e  his preferences for alternative con- 

sumption programs.  This i s  so, a s  we have seen, because only these 

preferences  a r e  ultimately relevant for his decisions with respect  to 

both consumption & investment. 

The most  significant work to date on the propert ies  of preference 

sys tems concerning alternative consumption programs i s  that of 

~ o o ~ m a n s , , ~  la te r  extended by Koopmans, Diamond, and Williamson. 
3 

On the basis  of their  general  significance a s  well as  their  important 

bearing on this study, Koopmans' findings will be briefly reviewed 

here.  

- 
1. 2. 1 Koopmans' Impatience Study 

Proceeding f rom cer ta in  basic behavior postulates concerning the 

preference ordering of consumption programs which extend over an 

infinite future, Koopmans shows i n  his two papers  the existence of 

1 
See i n  par t icular  Jack Hirshleifer,  "On the Theory of 0ptima.l 3n- 
vestment Decision", The Jour.r\_al of Political Economy, August 1958,  
and Jack Hir shleifer,  "Investment Decision under Uncertainty: 
Choice- Theoretic Approaches", Quarter ly Journal  of ~ c o n o m i c s ,  
November 1965. 

Tjalling Koopmans, "Stationary Ordinal Utility and Impatience?', 
Econometrica,  April  1960. 

3 Tjalling Koopmans, Pe te r  Diamond, and Richard Williamson, 
s ta t ionary Utility and Time Perspective",  Econornetrica, January-  

, . .  . -- 
April, 1964. 



impatience and t ime perspective in a broad class  of such programs.  

The notion of impatience goes back to Bohm-Bawerk, who in - The 

Positive Theory of Capital advanced the idea of preference for  ear ly  

timing of satisfaction. In Koopmans' work, impatience is  essentially 

taken to mean that i f  in  any given period the consumption of the com- 

modity bundle x i s  prefer red  to that of bundle x ' ,  then the consump- 

tion in  consecutive periods of x, x' i s  p re fe r red  to that of x ' ,  x, all 

other consumption being the same.  The notion of t ime perspective 

will be briefly discussed la te r .  

While formally defined in t e r m s  of a utility function, impatience 

i s  viewed a s  a property of the underlying preference ordering. This 

implies that every utility fun.ction representing the preference o rde r  - 
ing must  have the impatience property.  Consequently, impatience 

must  be expressed in t e r m s  of an ordinal utility function. An ordinal 

utility function i s  a utility function which retains i ts  meaning under a 

monotonic increasing transformation, that i s ,  i f  V i s  a utility func- 

tion, s o  i s  U = T(V), where T i s  any monotonic transformation and 

T f ( V )  > 0.  

The postulates a s s e r t  continuity, sensitivity, and stationarity of 

the utility function, absence of inter temporal  complementarity, and 

the existence of a wors t  ar,d a best  program. Thus, the papers  e s -  

sentially constitute a study of the implications of a continuous and 

stationary ordering of infinite consumption programs.  

Notation. The bundle of n commodities consumed in period j ,  

j = 1, 2, 3 .  . . i s  g ivenby 



where c .  > 0. An infinite program will be written 
J - 

while a constant p rogram will be denoted 

Statement of the pos tu.lates. P1 (Existence and continuity). There 

exists a utility function U(lc),  which i s  defined for all l c  such that, 

for a l l  j, c .  i s  a point of a bounded, convex subset C of the n- 
J 

dimensional commodity space. The function U ( l  c ) has the continuity 

property that, i f  U i s  any of the values assumed by that function, and 

i f  U' and U'  ' a r e  numbers such that U '  < U < U' ' , then there  exists 

a positive number 6 such that the utility U( c ' )  of every program l c '  1 

having a distance d ( l c ' ,  c )  ' sup jc; - c .  1 < 6 ,  where lc '  - cj  1 1 J J j 
max  1 cik - c f r o m  some p rogram c with utility U(l  c )  = U 

k j k 1 

satisfies U' < U ( l c ' )  < U". 

Calling the se t  { l ~ ~ I ~ j ~ (  C )  = u), where C I CxCx.  . . (the - 1 1 

infinite Cartesian product of se ts  C), the equivalence c lass  defined by 

U, the continuity property given in P1 may be t e rmed  uniform conti- 

nuity on each equivalence c lass .  In the f i r s t  paper ,  P I  stipulated 

both uniform continuity on each equivalence c lass  and unbol~.ndednes s 

of C which severe ly  l imits  the choice of functions Uo Evidently 

Koopmans chose to sacr i f ice  unboundedness and with i t ,  perhaps,  

some rea l i sm.  The distance function, o r  met r ic ,  a lso t r ea t s  a l l  

periods alike, the propriety of which may be questioned. However, 

remembering that the presence of impatience i s  the phenomenon to be 



established, this approach certa-lnly provides a neutral. start ing 

point. 

P 2  (Sensitivity). There exist  f i rs t -per iod consumption vectors c 1' 
I 

c1 and a program c f rom the second period on, such that 2 

This postulate i s  clea,rly s t ronger  than one which simply requires  

that the utility function not be a constant. The object i s  to keep the 

utility function f rom being insensitive to al l  p rogram changes which 

affect a given period. The choice of the f i r s t  period for this purpose 

i s  a rb i t r a ry .  

P 3  (Limited non-complementarity). F o r  a l l  e l ,  c;, Zc, zc ' 

U(cl r  2 ~ )  - > ~ ( c ; ,  2 ~ )  implies U(c 1 ' 2  c ' )  - > ~ ( c ; ,  L c ' )  

I 

U(cl,  2 ~ )  - > U(cl, Z ~ i )  implies U(cl, 2c)  - > ~ ( c ; ,  2c') 

This postulate says that the consumption of a par t icular  bundle of 

commodities in  one period does not affect preferences with respect  to 

future alternatives.  This, of course,  i s  a highly qi~estlonable propo- 

sition. It would perhaps be m o r e  palatable if total expenditures on 

consumption were  used instead as  a measure  of satisfaction, but this 

idea i s  re jected by Koopmans. However, he re  one runs into the r a t -  

chet principle. 1 

The ratchet  principle essentially s ta tes  that the utility of consump- 
tion in a given period i s  strong1.y conditioned on the highest level of 
consumption previously experienced, particuJ.arly if this level i s  of 
recent  origin. This point was f i r s t  made by James  Duesenberry ic 
Income, Saving and the the or^ of Consumer Behavior, Cambridge, 
Massachusetts,  Harvard University P r e s s ,  1949, pp. 84-85,114116. 



As a consequence of P3, i t  can readily be shown that U(lc) may 

be written 

where u and T a r e  uniformly continuous on each equivalence cl3ss 

and Y is  continuous and increasing in u and T. 

P 4  (Stationarity).  Fo r  some c and a l l  c, 1 2 2CI 

U(c l r  2 ~ )  - > U(cl J . 2 c ' )  i f  and only if U( c )  > U(2c ' )  
2 - 

This postulate a s s e r t s  that there exists a subset of programs that 

differ only f rom the second period on, the ordering of which i s  not 

changed by advancing the timing of each consumption vector by one 

period. It should be p o i ~ t e d  out that the o r d e r i ~ g  in question applies 

only to the p rese r t .  The passage of t ime i s  completely outside the 

scope of the postulate set  - thus, the question of changes in p re fe r -  

ences a s  a function of t ime i s  not considered. 

It can be shown that P3b and P4 together imply 

U(cl, 2 ~ )  - > U(c c ' )  i f  and only i f  U( c )  > U(2c ')  for  a l l  
1' 2 2 - - 

I 
c l ,  C2 '  2c 

Since Y(u, T f  is  increasing in T, P 4  i s  equivalent to 

T ( 2 ~ )  - > T ( 2 ~ '  1 i f  and only i f  U(  c )  > U(2c ' )  
2 -- 

Consequently, there  exists a monotonic transformation H such tha.t 

Thus, letting V(u, U )  = Y(u, H ( U )  ), V(u, U )  p rese rves  the preference 

defined by U( lc)  so that-we obtain the recurrence  relation 



where  V i s  continuous and increas ing  in  u and U. Clear ly ,  the  func- 

tion V, which Koopmans ca l l s  the aggrega tor  function, may  be wr i t t en  

in  r ecu r s ive  f o r m :  

Since u and U a r e  continuous, the range of each  i s  a n  in te rva l .  

The question of whether  these  in te rva l s  include the i r  own endpoints i s  

se t t l ed  by the l a s t  postulate i n  favor of inclusion.  

P 5  ( E x t r e m e  p r o g r a m s ) .  The re  exis t  p r o g r a m s  c and E such that  1- 1 

U( l z )  < U ( l ~ )  - < U(lS)  for  all i c  

By s e p a r a t e  monotonic inc reas ing  t r ans  format ions ,  we may  cause  

the range of both u and U i n  (1  - 2 )  to coincide with the unit in te rva l  

without a l t e r ing  the p re fe rence  order ing .  Clear ly ,  th is  wil l  a l so  r e  - 

qu i r e  a corresponding t rans format ion  of V. We then obtain d i rec t ly  

By monotonicity, this  gives 

Consequently, the  domain of V i s  now the unit s q u a r e  and the range 

t he  (c losed)  unit in terval .  

Thus,  the  o rd ina l  p rope r t i e s  of U have pe rmi t t ed  us to der ive  a 

(non-unique) one-per iod  utility function u by which - a l l  consumption 

vec tors  c m a y  be evaluated,  j = 1, 2,  . . . . 
j 



Impat ience  defined. At th is  point,  we a r e  i n  a posit ion to f o r m a -  

l i z e  the definition of impa t ience .  To simplify the notation., we sha l l  

l e t  u. - u (c . ) ,  tha t  i s ,  u.  i s  the immedia te  utility level  a ssoc ia ted  
J J J 

with c .  of a p r o g r a m .  
J 

Definition. A p r o g r a m  l c  with utility levels  u u i n  the f i r s t  two 
1' 2 

pe r iods  and uti l i ty l eve l  U U(3c)  f r o m  the  t h i rd  pe r iod  on i s  said 
3 

to m e e t  the s t r ong  impat ience  condition i f  V(u V(u2, U3)  ) > 1' 

V(u2, V(u l ,  U3) ) whenever  u > u and the  weak impa t ience  condition 1 2 

What th i s  definition s a y s  i s  that  if the f i r s t - pe r i od  consumption vec-  

t o r  c l  i s  in terchanged with the second-per iod  consumption vector  c 2' 

aggrega te  ut i l i ty is d e c r e a s e d  i f  c l  i s  p r e f e r r e d  to c and converse ly .  
2' 

This definition views impat ience  a s  a p rope r ty  of a p r o g r a m  c ;  i t  may  1 

a l s o  be s a id  t o  ex i s t  i n  the point ( u  U ) of the uti l i ty s pace  when 1 ~ ~ 2 '  3 

the defining conditions hold. 

Ex is tence  of impa t ience ,  On the  ba s i s  of postula tes  Pl - P 5  the 

following r e su l t  is  obtained.  

Theo rem 1.  If P I - P 5  a r e  sa t is f ied ,  a p r o g r a m  I c  with f i r s t  and s e c -  

ond per iod  ut i l i t ies  u l  = u(c  ) and u = u(c  ) such that  u > u and with 1 2 2 1 2  

uti l i ty U = U( c )  f r o m  the  th.ird pe r iod  on m e e t s  the condition of s t r ong  3 3 

impa t ience  i n  each of the following t h r ee  zones :  

1 )  U ( c o n ~ l  ) 5 Ug 5 U w h e r e  u i s  the  solution to V(u2, (I) = u if a 1. - 
solution ex i s t s ;  o the rwise  U = 1 

3 )  - U - < U3 5 U ( c o n ~ 2 )  whe re  -- U i s  the solution to V ( u l ,  2) = u i f  
2 

a solution ex i s t s ;  o the rwise  U = 0. - 



With this resul t ,  Koopmans has shown that impatience, which i s  

usually viewed as a psychological phenomenon, is  also a consequence 

of quite e lementary propert ies  attributed to a utility function in  which 

the horizon i s  infinite. This i s  a significant accomplishment indeed. 

A geometr ic  representat ion of the three  impatience zones of Theorem 

1 in which the sca les  of u and U have been equated i s  given in  Fig. 1. 

Koopmans also shows that when weak (s t rong)  t ime perspective (to 

be discussed below) i s  present ,  one can prove that there  exists weak 

(s t rong)  impatience in  the ent i re  (open) interval (u2, u l ) ,  which of 

course includes zone 2 ( s e e  Fig. 1) .  

- 
Concerning the outlying intervals 0 < U < U and U < U3 C 1, - 3  - - 

nothing conclusive can be said about impatience in them when they 

a r e  non-empty. Both i'mpatience and strong patience may exist, where 

strong patience i s  said to exist in (u I , u,, U,) if 

/ V ( u l ,  U2)  = U1 

1, 2, 3,  - zones of strong impatience 

4 - zone of strong (weak) impatience given strong (weak) 
t ime perspective 

Figure 1, Zones of Impatience 



whenever u > u2. 1 

Time perspective.  Time perspective i s  defined by Koopmans a s  

follows: Let (x l ,  x2, x3, . . . ) and (y l ,  y , y , . . . ) be two consump- 
2 3 

tion programs such that U1 E U(lx) > U2 U(ly).  NOW postpone 

each p rogram by one period, inserting consumption vector z in the 

vacated f i r s t  period. Then, by P4 and P3b, U3 E U ( z ,  x l ,  x2, . . . ) 

- > U4 = U ( z ,  y l ,  y2, . . . ). U will now be said to. have the property 

of weak time perspective i f  U - U < U1 - U2,  3 
and the property of 

4 - 

strong t ime perspective i f  U - Uq < U1 - U2. Since t ime perspec-  
3 

tive i s  defined in  t e r m s  of utility differences, i t  i s  c lear ly not an o r -  

dinal property,  i .  e. , a property of a l l  utility functions representing 

the preference ordering. However, t ime perspective i s  imputed to 

the preference ordering itself when a t  least  one utility function repre- .  

senting i t  has that property.  

A c.ardina1 utility function. Koopmans suggests that a general dis- 

count factor,  cr(U), be defined by the identity 

that i s ,  a s  a function of the overal l  level of satisfaction achieved and 

provides a s  an example a utility function with a discount factor which 

decreases  in  U. ( U  = W(u), denoted the correspondence function, i s  

the solution to the equation Vju, U)  = U. f It can be shown that (1  -4)  

i s  invariant under differentiable monotonic transformations.  



It should be observed that if the scales  of u and U a r e  equated and 

if F i s  an increasing transformation, the function F - ~ ( v ( F ( u ) ,  F (u )  ) ) 

prese rves  the form u = V(u, u). Thus, this form i s  also appropriate 

under r i sk  because among the infinite number of ordinal utility func- 

A 
tions F (u )  there  must  sure ly  be one, say F(u) ,  which i s  cardinal, i .e.,  

A A 
such that E [ P - ~ ( V ( F ( ~ ) ,  F ( u ) ) )  ] correct ly  reflects the preference 

ordering. 

An example of a utility function which satisfies postulates P1 

through P5 i s  given by 

which we recognize a s  the discounted sum of all future one-period 

uti l i t ies,  a form used almost  exclusively so f a r  in economic analysis.  

Differentiating (1 -5)  with respect  to U we obtain 

that i s ,  the discount factor given by (1 -4 )  i s  constant, which agrees  

with the conventional interpretation. Thus, i t  is c lear  that the utility 

function (1-5)  implies that impatience exists in a l l  par t s  of the p ro -  

g r a m  space.  

It was noted by Koopmans that the addition of a s t ronger  version of 

the non-complementarity postulate to the se t  P1  - P 5  leaves this utility 

function a s  the only function which i s  consistent with the expanded 

postulate se t .  The additional postulate is given by 



P 3 ' .  F o r  a l l  c l ,  c 2 ,  3c ,  c;, c;, jc '  - 
1 

( 3 ' a )  U(cl ,  cZ ,  3 ~ )  - > U(c;, c2 ,  3c)  impl ies  U(cI ,  c2 ,  3 ~ ' )  : 

( 3 ' b )  U(c l ,  c2 ,  3 ~ )  > U(c;, c2 ,  3 c ' )  impl ies  U(c l ,  c i ,  3 ~ )  ' ,  

This  r e s u l t  c an  be demons t ra ted  by r e f e r ence  to a study by Debreu,  

which gives the  conditions under which one can  find a monotonic 

t r an s fo rma t ion  such  that  the function U( c )  m a y  be wr i t t en  1 

Since t he se  conditions a r e  sa t i s f i ed  by P1 - P 5  and P 3 ' ,  (1 -6)  is i m -  

pl ied  by the  en la rged  postula te  s e t .  However,  writ ing ( 1 - 6 )  a s  a r e -  

c u r r e n c e  re la t ion,  i. e. , i n  the f o r m  (1  -2),  by uti l izat ion of the  s t a -  

t ionar i ty  postula te  P4, we obtain a s  the  only possibil i ty 

Since the  f o r m  (1 -5 )  i s  p r e s e r v e d  only by a posit ive l i nea r  t r a n s -  

fo rmat ion ,  P I  - P 5  and P 3 ' . m a y  be viewed a s  postula tes  which define 

a ca rd ina l  ut i l i ty function, while the  weake r  s e t  P1 - P5 defines a n  

o rd ina l  ut i l i ty function. Thus,  we need not, i n  the  c a s e  of ( 1 -5 )  a t  

See G e r a r d  Debreu,  I '  Topological Methods i n  Card ina l  Utility 
Theory,  " Mathemat ical  Methods in the  Social  Sciences ,  Stanford, 
Stanford Univers i ty  P r e s s ,  1960, pp. 19-25.  



least ,  concern ourselves with how to find the part icular  t ransforma- 

tions which give us a cardinal utility function f rom a given ordinal 

one. This step would, of course,  always be necessary  when the 

available consumption programs a r e  subject to r i s k  and only ordinal 

utility fuslctions a r e  known. 

1. 2. 2 Proper t ies  and Limitations of the [Jtility Function 

In this study, we shal l  confine 0v.y attention to utility functions of 

the f o r m  (1-5).  The most  ser ious drawbacks of this c lass  of func- 

tions a r e  undoubtedly the additivity property,  which i s  pr imar i ly  a 

consequence of postulates 3 and 3',  and the constancy of the &scount 

factor  cu. As suggested ea r l i e r ,  the assumptions of non-complemen- 

tar i ty  a r e  par t icular ly limiting when consumption i s  t rea ted  a s  a 

commodity vector. By focusing on total  (dol lar)  consumption alone, 

cer ta in  types of complementarity between commodities need not be 

ruled out. Consequently, we shal l  choose to be concerned with the 

level of consumption r a the r  than the composition of the consumption 

basket, Thus, the utility function will be assumed to be defined on 

a l l  possible programs ( c , ,  c2,  cg, . . . ) where c . ,  j = 2 . . . , 
3 

i s  the amount of consumption in  period j. 

To gain a better understanding of the nature of the limitations in- 

herent  in  utility functions of the f o r m  (1 -51, let  us  examine some con- 

c re t e  examples. As a c a s e  in  point, let  us consider the function 

u (c )  = log c and pose the problem of finding different consumption 

p rograms  between which the utility function (1-5) requi res  the indi- 

vidual to be indifferent. F o r  example, we might attempt to find the 

consumption programs c '  a.nd , c" which a r e  equivalent to the 1 L 



constant  p r o g r a m  c = (10, 000, 10, 000, . . . ) and which a r e  such 1 

that  consumption i n c r e a s e s  and decreases ,  respect ively ,  a t  the r a t e  

of 5 pe r cen t  p e 3 p e r i o d .  Formal ly ,  we  obtain f r o m  the equation 

which, upon solution,  gives the values  shown i n  Table  I f o r  d i f ferent  

r a t e s  of impat ience .  In appra i s ing  t he se  indif ferences ,  the  r e a d e r  

should r e m e m b e r  that  t he i r  evaluation m a y  be confounded by the a s -  

sumpt ion of a n  infinite hor izon.  

We sha l l  postula te  that  U(cl ,  cZ ,  . . . ) is monotone i nc r ea s ing  i n  

each of i t s  a rgumen t s  which is to s ay  that  the  individual  a lways  p r e -  

f e r s  m o r e  consumption to l e s s .  I t  wil l  a l s o  be  a s s u m e d  that  the  indi-  

vidual  obeys the von Neumann-Morgenstern  postula tes1 when con- 

f ron ted  with c o n s u m p t i o ~  p ro spec t s  which a r e  subject  to r i sk .  Since 

i n  th is  ax iom s y s t e m  expected utility c o r r e c t l y  re f l ec t s  p r e f e r ences ,  

the  individual  wi l l  wish  to behave, whenever r i s k  i s  p r e sen t ,  so  a s  to 

max imize  the  expected utility obtainable f r o m  consumption ove r  t ime .  

Finally,  we sha l l  a s s u m e  that  h e  i s  a r i s k  a v e r t e r L  with r e s p e c t  to 

1 See John van-~eumann and Oskar  Moreens te rn .  Theorv of Games 
0 

and Economic Behavior ,  Pr inceton,  P r i nce ton   fivers sit^ P r e s s ,  
1947, pp. 26 -27  and the  Appendix. 

Le t  1 ~ '  and  1 ~ ' 1  be  two poss ib le  consumption p r o g r a m s .  Then 
U(e lc l  t (1  - O) lc l ' )  > 8 U ( 1 ~ 1 )  f (1  - 8 ) U ( l c 1 1 )  fo r  a l l  1 ~ 1 ,  :cll s uch  that  
U(l c l )  # U(l cl ')  and  all 6 such  that  0 < 8 < 1. That  i s ,  the  individual 
p r e f e r s  the  c e r t a i n  p r o g r a m  e1c '  + (1 - 8 ) 1 ~ 1 1  to the  p r o spec t  of ob-  
taining I c '  with probabi l i ty  9 and  c" with probabi l i ty  1 - 6. 1 





consumption, which implies that U i s  s t r ic t ly  concave. This assump- 

tion, which has  a high degree1of acceptance, i s  crucial  to a l l  the r e -  

sults which follow. But if U is  monotone increasing and s t r ic t ly  con- 

cave, i t  follows trivially that u(c . )  is  likewise. 
J 

The utility function (1 - 5) i s  defined on infinite programs,  which 

may s e e m  to be out of step with the fact that man 's  lifespan i s  finite. 

However, we shal l  argue that a n  individual's preferences generally 

extend beyond his own lifetime, F i r s t ,  his departure  point i s  indefi- 

nite; i t  therefore behooves him to be conservative i n  re ference  to his 

planning horizon. Second, he usually wishes to provide in  some form 

for  his he i r s  and successors  - i t  i s  i n  fact this benevolence which 

keeps man  f r o m  perishing f rom the ear th.  In the f i r s t  twenty yea r s  

o r  so,  each of us depends on someone e lse  for the economic goods he 

enjoys. Consequently, man  has,  during his lifetime, both the m o r a l  

and legal  right to supplement his own preferences with regard  to con- 

sumption with the perceived preferences of his successors  - to infinity. 

This is  not to say that an investigation of finite programs would be 

without mer i t .  However, if this approach i s  used, one i s  faced withthe 

problem of determining just  where the horizon is .  Fo r  the reasons 

given, coupled with the fact that a utility function with a distant (but 

finite) horizon in  which impatience i s  present  i s  closely approximated 

I by the same  function with the horizon extended to infinity, the idea 

For  example, i n  the case  of function (1 -5) with w = . 9, 99 .  9 percent  
of the utility obtained f o r m  a constant consumption level i s  assoc i -  
a ted with the f i r s t  64 periods.  More generally, i f  the utility of con- 
sumption amount c in  a par t icular  period i s  u, then the contemporary 
utility of c 64 periods la.ter i s  . 001 u. 



of evaluating infinite programs appears  intuitively much m o r e  

satisfactory. 

The preference orderings we have discussed have been considered 

to a r i s e  independently of the opportunities faced by the individual. 

This i s  in  agreement  with economic tradition, which has always sep- 

a ra t ed  preference f rom opportunity. Thus, in  the ensuing models,  

modification of an  individual's preferences in  the light of experience 

i s  ruled out. An attempt to grapple with the question of allowing for 

flexibility of future preference has been made by Koopmans. 
1 

1. 2. 3 Note on the Boundedness of the Utilitv Function 

It has been shown by Arrow (who credi ts  the discovery of the proof 

to Menger) that a von Neumann-Morgenstern utility function i s  

bounded. Since some of the functions u(c) ,  and hence U, which will 

be employed in  Chapter I1 a r e  unbounded, there  would appear to be 

cause for  questioning the resul ts  obtained with these functions. 

There a r e  two bases  on which the validity of using unbounded func -) 

tions a s  utility indicators may be defended. F i r s t ,  a s  1on.g a s  one 

never leaves that p a r t  of the domain of the (unbounded) function for 

which i t s  value i s  finite, the unbounded p a r t  of the function might a s  

well be "cut off. " In the ensuing models, by eliminating the possibility 

of s tar t ing out in  the trapping s tate  (to be discussed in 2. 7 )  in  Models 

Tjalling Koopmans, "On Flexibility of Future Preference ,  " Human 
J u d ~ m e n t s  and Optimality, ed. Maynard Shelley and Glenn Bryan, 
New York, John Wiley & Sons, 1964. 

Kenneth Arrow, Bernoulli Utility Indicators for Distributions Over 
Arbi t ra ry  Spaces, Technical Report No, 57, Department of Econo- 
mics ,  Stanford University, July 1958. 



11 and 111, the r e su l t s  a r e  indeed the s a m e  a s  they would be if only the 

bounded p a r t  of the function u (c )  had been employed. However, if a 

bound w e r e  placed on u (c )  in Model I, a solution would a l so  exis t ,  

though probably not in closed form,  when the convergence condition 

( 2 - 2 9 )  does not hold. 

A second avenue of defense would be to say  that the continuity post-  

ulate,  on which the boundedness of the utility indicator depends, i s  un- 

neces sa r i l y  r e s t r i c t i ve  and that  i t  should be modified (which would be 

easy  enough) to p e r m i t  the utility function to be unbounded. 
1 

1 . 3  THE OPPORTUNITY SET 

So f a r ,  we have endowed the individual with a s e t  of p re fe rences  

which falls  in  the general  "preference c lass"  represen ted  by the utility 

function (1 - 5 ) .  Thus, we have in  effect  equipped h im with the power 

to know what he wants. We mus t  now, i n  o r d e r  to complete the defini- 

tion of his  decision problem,  specify the opportunities which his  envir  - 

onment p re sen t s  him. 

1 .  3 .  1 Opportunities for  Decision 

We sha l l  g ran t  the individual f r e e  will  i n  the s ense  that he has  the 

power to make any choice ig  accordance with his own preferences .  We 

shal l  fu r ther  a s s u m e  that  he functions i n  a f r e e  economy - by this ,  we 

mean  that he  will not be prevented,  by any non-determinis t ic  force ,  

f r o m  including in his choice s e t  any opportunity offered by his 

environment.  

1 
A cr i t ique of the continuity postulate may be found in  Duncan Luce 
and Howard Raiffa, Games and Decisions, New York, John Wiley, 
1957,  p .  2 7 ,  



To simplify the exposition, we shal l  postulate that opportunities 

for decision occur  a t  equally spaced points i n  t ime.  The t ime between 

two decision points wili simply be denoted the (decis ion)  per iod.  Thus, 

the individual in our model i s  left no choice but to decide, a t  each de- 

c is ion point, how much to s e t  as ide  for  consumption in the period i m -  

mediately following a s  well a s  how to allocate,  o r  real locate ,  the r e -  

mainder  of his capital, including any borrowings he may  decide upon, 

1 
among the available opportunities for investment,  

1. 3. 2 Opportunities for  Non-Capital Income 

We shal l  consider  individuals who have an  opportunity to rece ive  a 

s a l a r y  o r  o ther  non-capital income such a s  a pension, alimony, wel- 

f a r e  payments ,  unemployment compensation, o r  the income f r o m  a 

t ru s t .  

The choice of non-capital  income s t r e a m ,  to the extent that a non- 

L 
t r iv ia l  choice exis ts  , undoubtedly depends in  pa r t  on the individual1 s 

consumption p re fe rences .  But there  a r e  a lso other  important  p r e f e r -  

ences ,  such a s  the disuti l i ty of labor ,  which en te r  when a choice 

among non-capital  income s t r e a m s  i s  made ,  We shal l  give these 

1 In the de te rmin is t ic  ca se ,  i t  would of cou r se  be possible  to make a l l  
decisions i n  advance. 

We shal l  say  that a non-tr ivia l  choice exis ts  only when the select ion 
of a par t icu la r  non-capital income s t r e a m  affects o ther  opportunit ies 
o r  i s  dependent on the individual taking a par t icu la r  action involving 
disuti l i ty.  An income s t r e a m  which requi res  no act ion o r  an  action 
involving no disutility and which affects no other opportunit ies would 
always be chosen a s  a resu l t  of the monotonicity of U ( t r iv ia l  choice),  
An example of the non-trivial  ca se  would be the select ion of a n  in-  
come s t r e a m  f r o m  a se t  of a l ternat ive job opportunities where the 
select ion of any one job precludes the selection of ce r t a in  other  ones.  
The second situation i s  exemplified by the opportunity to choose a 
t r u s t  income "with no s t r ings  attached, " 



non-consumption considera t ions  the  benefit of the doubt and s imply  

accep t  the r e su l t an t  choice. The non-capi ta l  income s t r e a m  will  thus 

be viewed a s  exogenously de te rmined  in  the model  to be p r e sen t ed ,  

For example ,  one m a y  ra t iona l ize  that  the individual 's  choice of non- 

cap i ta l  income s t r e a m  is p r i m a r i l y  governed by what h e  wants to do 

(which m a y  be nothing), the  question of remunera t ion  being of s e c -  

ondary  impor tance .  

We sha l l  a l s o  make  the  r a t h e r  s t r ong  assumpt ion  that  the individ- 

u a l ' s  non-capi ta l  i.ncome s t r e a m ,  the ins ta l lments  of which wil l  be 

r e ce ived  a t  the  end of each per iod ,  i s  known with ce r ta in ty .  

The building blocks d i s cus sed  s o  f a r  a r e  s i m i l a r  to those  used by 

Phe lps ,  who fo rmula ted  the  bas ic  modeling s t r u c t u r e  adopted i n  this  

1 
s tudy.  However,  in  the next  two sec t ions ,  we s ha l l  extend consid-  

e r ab ly  the opportunity s e t  cons idered  by h im.  In Phe lp ' s  model ,  a l l  

cap i ta l  not cu r r en t l y  consumed is subject  to the  s a m e  probabi l i ty  

law, which i s  invar iant  over  t ime .  In the following, we sha l l  i n t ro -  

duce  the poss ibi l i ty  of choice among a n  a r b i t r a r y  number  of r i s ky  

(productive.J oppor tuni t ies ,  which m a y  be t i m e  -dependent, as we13 

a s  the  opportunity to bor row and lend. 

1 .  3 .  3 Product ive  Investment  O ~ ~ o r t u n i t i e s  

We sha l l  postula te  the exis tence  of a finite number  of j .nvestment 

oppor tuni t ies ,  i n  which, f o r  each,  the amount  invested m a y  be s e l e c  - 

t ed  f r o m  a n  infinite number  of poss ib le  cho ices .  The bas ic  p r e m i s e  

upon which we sha l l  ba se  ou r  mode l  i s  that  the r e t u r n  p romi sed  by 

Phe lp s ,  - op,  g. 



each opportunity i s  a random variable.  To paraphrase,  we a r e  stipu- 

lating that the only thing that i s  cer tain about the r e tu rn  f rom aninvest-  

ment  i s  that i s  i s  uncertain. This, of course,  i s  essentially what J. P. 

Morgan expressed when, asked what he thought about the stock market ,  

he replied, "It will fluctuate. I '  

In o rde r  to reduce the complexity of the investment situation as  much 

a s  possible,  while s t i l l  retaining the stochastic nature of re turns ,  we 

shal l  make the following second-order assumptions: 

1. All investment opportunities a r e  of the point-input, point-output 

type, i. e . ,  investment and realization take place instantaneously 

ra ther  than over t ime. 

2. All investments a r e  realizable in  cash  a t  the end of each period. 

3.  The amount invested in  an opportunity may be any r ea l  number.  

This number i s  non-negative unless a shor t  sa le  i s  made. 

4. The re turn  f rom each investment opportunity i s  proportional to 

the amount invested (constant re turns  to scale) .  

5. There a r e  no non-proportional conversion costs o r  taxes.  (By 4, 

proportional costs  o r  taxes present  no difficulties. ) 

6. We shall  a rb i t r a r i ly  define a shor t  sa le  a s  the opposite of a long in- 

vestment. That i s ,  i f  the individual s ells opportunity i shor t  in the 

amount 0,  he will receive 8 immediately (to do with a s  he p leases)  i n  

re turn  for the obligation to pay the t ransformedvalue of 0 a t  the end 

~f the period. The c a s e  in which the se l l e r  i s  required to maintain a 

deposit to cover a shor t  sa le  and, analogously, the case  in  which he 

only needs to put up the maximum amount he may  lose in making a 

long investment, can also be handled without difficulty i n  the 

ensuing models.  



While t he se  a s s u m e d  conditions undoubtedly a r e  too restrictive to  

be r ep r e sen t a t i ve  of many  r e a l - w o r l d  inves tment  oppor tuni t ies .  they 

c l ea r l y  hold approximately  fo r  s t ocks ,  bonds and o the r  liquid inves t -  

m e n t  vehic les  ., 

In  accordance  with the  preceding,  l e t  us  denote t he  t ransformat i .on 

i,n pe r iod  j of a  unit of capi ta l  invested i.n opportunity i by /3 * tha t  i s ,  
i j '  

if we inves t  a n  amount  0 i n  i a t  the beginning of the  peri.od, we would 

obtain p . .  6 a t  the end of the  pe r iod  ( ,P.  . i s  the  random va r i ab l e ) :  We 
1.J I J  

s ha l l  postula te  that  P. . i s  non-negat ive  and bounded f r o m  above fo r  
1J 

a l l  i and j .  What th is  m e a n s  of cou r se ,  i s  that  when one is i n  a long 

posit ion,  one can  a t  m o s t  l o se  o n e ' s  inves tment ,  and that  a  f ini te 

amount  invested wi l l  a lways  b r ing  a fini te re turn .  o v e r  a fi.nite t i m e  

per iod .  Both of these  proposi t ions  ce r ta in ly  s e e m  reasonab le .  

We sha l l  a s s u m e  that  no combination of product ive  inves tment  

oppor tuni t ies  ex i s t s  which p rov ides ,  with probabi l i ty  1 ,  a r e t u r n  a t  

l e a s t  a s  high a s  the borrowing r a t e  of i n t e r e s t ,  (We shal l ,  in the  

next  sect ion,  postula te  the  ex i s tence  of posi t ive  r a t e s  of interest-  

such that  if r L  - 1 is the r a t e  a t  which individuals m a y  s a v e  and 

r B  -. 1 the r a t e  a t  which they m a y  bor row.  then r  > r  Lett ing E- L 

i = 1 denote the  f inancial  oppor tuni t ies  and i = 2 . M. the 
J 

product ive  oppor tuni t ies  avai lable  In pe r i od  J , this  lmpl les  that the 

Pij sa t i s fy  the  inequa1i. t~ 

all, j  

f o r  all f in i te  n u m b e r s  8 . .  > 0 such  that  0 . .  > 0 f o r  a t  l e a s t  one i ,  
l J  - 'J 



We shall  also stipulate that no combination of short  sales  exists 

in which the probability i s  zero  that a 1.oss wi.11 exceed the lending 

ra te  of in te res t ,  Thus, the 6.. also satisfy the inequality 
1J 

a l l  j 

for  a l l  f inite numbers  8.  < 0 such that 6 . .  < 0 f o r  at leas t  one i ,  
1.j - 1J 

where S.  i s  the se t  of opportunities which can be sold shor t  in  period 
J 

j. In addition, we sha l l  a s sume  that the 0.. a r e  such that 
1J  

a l l  j 

i = 2  .,, 

for a l l  finite numbers 9 .  > 0 and a l l  S ? C  S. such that 8 . .  = 
l j  - J - J 

i =2 
ZJ 

i k  sf 

C 'kj' and 8.. > 0 for a t  leas t  one i. The l a s t  inequality s ta tes  

kc SF 1J 

J 

that no combination of productive investments made f r o m  the proceeds 

of any shor t  sa-le ca.n guarantee against  l o s s ,  

When r g  = rL. the three  preceding conditions reduce to 

for  a l l  finite 8 . .  such that 8.. > 0 for al.1 i k  S. and 8 f 0 for a t  leas t  
LJ IJ  - J i j  

one i. We shal l  r e f e r  to these restr ic t ions on the di.stl-ibutions of the 

pij a s  the "no -easy -money condition". 



At each decision point, we shal l  a s sume  that the probability 

distributions of re turn  a r e  known. for at  least  the subsequent period. 

That i s ,  the distribution functions 

will be assumed to be known at the beginning of the jth period, and 

generally ea r l i e r .  The F. will a lso be assumed to be independent. 
J 

In r ea l  world situations, the individual would of course be forced 

to der ive his own subjective probability distributions. Numerous 

descriptions of how this may be accomplished, on the basis  of postu- 

lates presupposing cer ta in  consistencies in  behavior, a r e  ava-ilable in 

the l i te ra ture ;  s e e  for  example the accounts of savage2 and Marschak- 
3 

The rea lm of ri.sk i s  generally sai.d to prevai l  when the probabili- 

t i es  of the possible outcomes i n  a decision situation a r e  known., while 

uncertainty i.s said to exist  i ~ h e n  these probabi.lities a r e  u.nknown. By 

this cla.ssification, our probiem, ass defined so  f a r ,  c lear ly falls i n  

the r e a l m  of decisiori-maki.ng under r i sk .  However, the distinction 

between the two categories i s  not a s  sharp  as the preceding definition 

might suggest.  To show this,  let 11s for a moment consider decision- 

making under uncertainty 

1, 
Even i f  he adopts what he considers to be an  object:-ve probability 
distribution, the very ac t  of a-doption makes the di.strj.Sution 
subjective. 

Leonard Savage, The Foundations of Statistics, New York, John ----- 
Wiley, 19  54, Ch. 7- 
Jacob Marschak, "Decision-making, I t  Working Paper  No. 93, 
Western. Manage-ment Science Institute, University of Czllforllia a t  
Los Angeles, December 1965,  pp, 1 8 - 2 0 .  



The f i r s t  obse rva t ion  to be made,  a s  McKean ha s  pointed out, i s  

that  i n  taking a posi t ion o n  a n  is s u e  (under  uncer ta inty) ,  a n  individual 

impl ic i ty  quantif ies considera t ions  which he  r e fu se s  to quantify ex-  

1 
pl ici t ly.  Going one s t ep  fu r the r ,  i t  follows a s  a t h e o r e m  that  a 

dec i s ion-maker  who obse rve s  a c e r t a i n  m e a s u r e  of consis tency in  

deciding under  uncer ta inty  i n  fac t  imputes  a probabi l i ty  d is t r ibut ion 

ove r  the poss ib le  ou tcomes ,  r e g a r d l e s s  of what c r i t e r i on  i s  used ,  

This  d is t r ibut ion is such  that  j.f i t  is u sed  to solve  the  dec i s ion  p r ob -  

l e m  under r i sk ,  i t  wi l l  give the s a m e  solution a s  was  obtained under  

2 
uncer ta inty  with the given c r i t e r i on .  As  a r e su l t ,  if one i s  commi t -  

t ed  to this  (highly r ea sonab l e )  m e a s u r e  of consis tency,  i t  would s e e m  

that  one migh t  a,s we l l  conver t  the  decis ion p r o b l e m  to one under  r i s k  

by s ea r ch ing  fo r  the n e c e s s a r y  probabil i ty d i s t r ibu t ion(s ) .  

In conclusio-r,, l e t  i t  b e  s a id  that  probabi l i t ies  a r e  not something 

which only theoreticiar-s  cons ider .  To quote a leading inves tment  

banker :  "We a r e  not  seeking s u r e  things - we a r e  seeking 

probabi l i t ies .  1 1 3  

1 .  3. 4 F inanc ia l  Opportunit ies --- 
As al luded e a r l i e r ,  we sha l l  postula te  that  the  individual  m a y  en-  

gage i n  both b o r ~ o w i n g  and lending opera t ions .  The i n t e r e s t  r a t e s  fo r  

both ac t iv i t i e s  wil l  be a s s u m e d  to be  known with ce r ta in ty  and to  be 

Roland McKean, Economics  of Defense,  Santa Monica, The RAND 
Corporat ion,  P-2924, July  1964, p. 12: 

F o r  a deta i led  exposit ion of this  r e s u l t  and  the underlying pos tu la tes ,  
s e e  Duncan Luce and Howard Raiffa, Games and Decis ions ,  - New 
York, John Wiley, 1959, pp. 287-294, 

Sidney Homer ,  Bond Investment  Pol icy  f o r  Pens ion  Funds ,  New 
York, Solomon Bro the r s  and Hutzler ,  1964, p .  14. 



invariant over t ime. We shall  also stipulate that r > r > I ,  where, 
B -  L 

a s  stated ea r l i e r ,  
r~ 

- 1 i s  the lending r a t e  and r g  - 1 i s  the borrow- 

ing rate .  

While no absolute l imit  will be placed on the amount an individual 

may  borrow, i t  will be assumed that the individual's debt must  a t  a l l  

t imes  be fully secured  by his resources .  In this connection, it should 

be noted that a s  long a s  the individual's debt i s  smal le r  than the p r e s -  

ent value (on the basis of the borrowing r a t e )  of his (cer ta in)  non- 

capital  income s t r e a m  a t  the end of each period, he will always have 

the resources  to pay back both in te res t  and principal with probability 

1 
1 under our  assumptions.  This value, then, would logically seem to 

be one of the induced upper l imits  on borrowing with which we have 

reason  to be concerned. 

Presumably,  no rational lender would therefore hesitate to lend up 
to the amount of the present  value of the non-capital income s t r e a m  
a s  long a s  the debtor always pays his in te res t  and consumes and 
invests so  a s  to be able, with probability 1,  to do so without extend- 
ing his debt beyond this l imit .  



CHAPTER I1 

THE MODEL AND ITS IMPLICATIONS 

In this chapter, we shall combine the building blocks developed in 

the previous chapter into a formal model. We shall then seek the solu- 

tion to our optimization problem for certain utility functions and 

examine the properties and implications of the results obtained. 

2.1 SUMMARY OF NOTATION 

In order to have the notation developed in the previous chapter ir 

one place, we shall summarize it, with certain obvious extensions, 

below: 

- amount of consumption in period j, where c r 0 
j 

(decision variable) 

U ( C ~ ~ C ~ , C ~ ~ . . . )  - the utility function, defined over all possible 

consumption programs (c1,c2,c3, ...). The class of 

functions to be considered is that of the form 

u ( c )  is assumed to be monotone increasing, twice 

differentiable, and strictly concave for c r 0. 

The objective in each case is to maximize 

~[~(c~~c~,...)]~ i.e., the expected utility derived 

from consumption over time 



- amount of capital (debt) on hand at.decision point j 

(the beginning of the jth period) (state variable) 

- income received from non-capital sources at the end 

of period j ,  where 0 5 y < m 
j 

- the number of investment opportunities available in 

period j 

- the subset of investment opportunities which it is 

possible to sell short in period j 

- amount invested in opportunity i, i = 1, ..., M 
j ' 

at the beginning of the jth period (decision 

variable) 

- borrowing rate of interest 

- lending rate of interest, where r B 2 r L > 1 

- transformation of capital invested in opportunity i 

in the jth period, per unit of capital so invested 

(random variable). That is, if we invest an amount 

8 in i at the beginning of the period, we will obtain 

p . . Q  at the end of that period (constant returns to 
1.l 

scale). The joint distribution functions P of the 
j 

Bij' i = 1, ..., M are assumed to be known for all 
j ' 

j* 

Properties of fl . ii' 

1) 0 5 Bij < a  for all i, j 

when borrowing 

when lending 



J 

3 )  ~ r i  E (Bi j  - r , )Qi j  < 0)  > 0 a l l  j and a l l  
i= 2  

f i n i t e  0  2 0 such 
i j 

t h a t  Q i j  > 0 f o r  a t  

l e a s t  one i 

4 )  ~ r [  C (Bij  - rL)Qi j  < 01 > 0 a l l  j  and a l l  
i c S  

j f i n i t e  0  S 0 such 
i j 

t h a t  Q i j  < 0 f o r  a t  

l e a s t  one i 
M i  

J 

5 )  p r j  Z ( P i j Q i j  - Z B k j Q k j  < 0 3  > 0 a l l  j , .  a l l  
i= 2  >k 

k€S ik i'c j S. C S .  and a l l  
i$S 

j 
J 3 

f i n i t e  Q 2 0 such 
i j 

.. . M 
j 

t h a t  7 Q i j  - - 
i= 2  

3( 

i t s  
j  

Z *Qkj  and 0  > 0 
k s s  

i j  

f o r  a t  l e a s t  one i 

When r = r = r ,  t h e  "no-ezsy-money c o n d i t i o n "  B L 

3) - 5) r e d u c e s  t o  

J 
5 ' )  ~ r {  (Bij  - r ) Q i j  < 0 )  > 0  a l l  j ,  a l l  f i n i t e  

i = 2  

@ij  such t h a t  

Q i j  f 0  f o r  a t  

l e a s t  one i and 

0  r 0  f o r  a l l  i 
i j 



- expected u t i l i t y  o b t a i n a b l e  from consumption o v e r  

a l l  f u t u r e  t ime ,  e v a l u a t e d  a t  d e c i s i o n  p o i n t  j ,  when 

i n i t i a l  c a p i t a l  i s  x  and an  op t imal  s t r a t e g y  i s  
j 

fo l lowed w i t h  r e s p e c t  t o  consumption and investment  

- p r e s e n t  v a l u e  a t  d e c i s i o n  p o i n t  j o f  t h e  n o n - c a p i t a l  

income s t r e a m  c a p i t a l i z e d  a t  t h e  borrowing r a t e  of 

By t h e  boundedness of y  Y .  always e x i s t s  
j' J 

A s  s t a t e d  i n  1.3.1, consumption and inves tment  d e c i s i o n s  a r e  

assumed t o  be  made a t  t h e  beg inn ing  o f  each  p e r i o d .  By t h e  d e f i n i t i o n  

o f  B i j ,  i t  i s  c l e a r  t h a t  i = 1 denotes  t h e  f i n a n c i a l  o p p o r t u n i t i e s  and 

t h a t  a l l  o t h e r  v a l u e s  o f  i d e n o t e  t h e  p r o d u c t i v e  o p p o r t u n i t i e s .  

The amount a l l o c a t e d  t o  consumption i s  assumed t o  b e  s p e n t  immedi- 

a t e l y  o r ,  i f  s p e n t  g r a d u a l l y  o v e r  t h e  p e r i o d ,  t o  be  s e t  a s i d e  i n  a  non- 

e a r n i n g  account .  While no a b s o l u t e  l i m i t  w i l l  be  p laced  on borrowing, 

i t  i s  assumed t h a t  no d e b t  i s  f o r g i v a b l e  and t h a t  t h e  i n d i v i d u a . l f s  

borrowings must a t  a l l  t i m e s  be  £ u l l y  secured .  T h i s  i m p l i e s  t h a t  t h e  

i n d i v i d u a l ' s  d e b t  cannot  exceed t h e  p r e s e n t  v a l u e ,  on  t h e  b a s i s  o f  t h e  

borrowing r a t e  o f  i n t e r e s t ,  o f  h i s  n o n - c a p i t a l  income s t r e a m  a t  t h e  end 

o f  any p e r i o d ,  and t h a t  t h e r e  i s  a n  upper  l i m i t ,  g iven  by x f Y on 
j j ' 

consumption i n  any p e r i o d  j. 

Throughout,  t h e  P i j  w i l l  be  assumed t o  be independen t ly  d i s t r i b u t e d  

w i t h  r e s p e c t  t o  j .  Except  where o t h e r w i s e  i n d i c a t e d ,  we s h a l l  a l s o  

assume t h a t  r = r = r. 
B L 



I n  t h e  i n i t i a l  models,  we s h a l l  f u r t h e r  assume t h a t  y  = y ,  Mj = M ,  
j 

S = S f o r  a l l  j ,  and t h a t  t h e  p i j  a r e  i d e n t i c a l l y  d i s t r i b u t e d  w i t h  
j 

r e s p e c t  t o  j. The l a t t e r  assumptions  e n a b l e  us  t o  drop t h e  s u b s c r i p t  j 

s i n c e  t h e  d e c i s i o n  problem i s  now t h e  same a t  each d e c i s i o n  p o i n t .  

Consequent ly ,  t h e  employment of t h e  l a s t  s e t  of assumptions  w i l l  be  

i n d i c a t e d  by t h e  absence of s u b s c r i p t  j .  

2.2 DERIVATION OF THE BASIC MODEL 

A s  s t a t e d  i n  Chap te r  I, t h e  model t o  be  c o n s t r u c t e d  i s  probably  

c l o s e r ,  i n  c o n t e n t s ,  t o  F i s h e r ' s  model of t h e  i n d i v i d u a l ,  a s  p r e s e n t e d  

i n  The Theory o f  I n t e r e s t ,  t h a n  t o  any o t h e r .  I n  form, t h e  model may 

be vtewed a s  a g e n e r a l i z a t i o n  o f  P h e l p s '  p e r s o n a l  s a v i n g s  model. 
1 

We s h a l l  now i d e n t i f y  t h e  r e l a t i o n  which de te rmines  t h e  amount o f  

c a p i t a l  ( d e b t )  on hand a t  each d e c i s i o n  p o i n t  i n  terms of t h e  amount 

on hand a t  t h e  p r e v i o u s  d e c i s i o n  p o i n t .  This  l e a d s  t o  t h e  d i f f e r e n c e  

e q u a t i o n  

M 
i 

where 

by d i r e c t  a p p l i c a t i o n  o f  t h e  d e f i n i t i o n s  given i n  2.1.  The f i r s t  term 

of (2-1) r e p r e s e n t s  t h e  p roceeds  from p r o d u c t i v e  i n v e s t m e n t s ,  t h e  

1 P h e l p s ,  3. e. 



second term t h e  payment of t h e  deb t  o r  t h e  p roceeds  from s a v i n g s ,  and 

t h e  t h i r d  term t h e  n o n - c a p i t a l  income r e c e i v e d .  

I n  o r d e r  t o  e l i m i n a t e  t h e  need f o r  keep ing  t r a c k  of t h e  account ing  

e q u a t i o n  which r e q u i r e s  t h e  z t o  sum t o  x - c we s h a l l  r e w r i t e  
i j  j j '  

M 
j  

(2-1) s l i g h t l y ,  To do t h i s ,  deduct  c r z  from t h e  f i r s t  term on t h e  
F=2 i j  

r i g h t - h a n d  s i d e  and add i t  t o  t h e  second term. U t i l i z i n g  t h e  f a c t  

t h a t  z j z i j  = x - c j  f o r  a l l  j ,  we o b t a i n  - - ;-1 j 

T h i s  i s  t h e  ( d i f f e r e n c e )  e q u a t i o n ,  t h e n ,  which governs  t h e  p r o c e s s  we 

a r e  about  t o  s t u d y ,  

The d e f i n i t i o n  o f  f  . (x) may f o r m a l l y  be w r i t t e n  
J 

- 
(2-3)  f . ( x . )  = max E[U( c i ,  c ~ + ~ , c ~ + ~ ,  . . .) ( x i ]  

J J  u - 

1 
From (1-5) we o'stacn,  by t h e  p r i n c i p l e  of o p t i m a h i t y ,  f o r  aE? j 

By ( 2 - 3 1 ,  t h i s  r e d u c e s  to 

(2-5) f .(x .) = max{u(ci) + C L E [ ~ ~ + ~ ( X ~ + ~ )  11 a l l  j  
J J  ., 

L ~ h e  p r i n c i p l e  o f  o p t i m a l i t y  s t a t e s  t h a t  an o p t i m z l  s t r a t e g y  h a s  
t h e  p r o p e r t y  t4aL whetever  t h e  i n i t i a l  s t a t e  and t h e  i n i t i a l  d e c i s i o n  
a r e ,  t h e  remaining d e c i s i o n s  must  c o n s t i t u t e  an  o p t i m a l  s t r a t e g y  w i t h  
r e g a r d  t o  t h e  s t a t e  r e s u l t i n g  from t h e  f i r s t  d e c i s i o n .  (See 
Richard Bellman, Dyrnanic Programming, P r i n c e t o n ,  P r i n c e t o n  IJnivers i t -y  
P r e s s ,  1957 ,  p, 83. 



s ince ,  a t  dec i s ion  po in t  j+ l ,  we z r e  faced wi th  t h e  same kind of 

problem as  when we a r e  a t  j except t h a t  we now have a  new c a p i t a l  

p o s i t i o n ,  x j+ lo  
Using (2-2),  (2-5) becomes 

I n  t h e  case when t h e  B i j  a r e  i d e n t i c a l l y  d i s t r i b u t e d  wi th  r e spec t  t o  

j  and t h e  non-capi ta l  income stream i s  cons tan t ,  (2-6) reduces t o  

M 
(2-6a) f ( x )  = max {u(c)  + a ~ [ f (  T, (B,-r) zi + r (x-C)  + Y) 11 

k cSx+Y i = 2  
z j ~ 0  
V ~ & S  

a t  each dec i s ion  poin t .  

For comparison, t h e  model s tud ied  by Phelps i s  given by t h e  

func t iona l  equatl 1 on 

I n  t h i s  model, all c a p i t a l  n0.C c u r r e n t l y  consumed obeys the 

transformation B ,  which is i d e n t i c a l l y  d i s t r i b u t e d  i n  each period.  

Since t h e  amount i nves t ed ,  x-c,  i s  determined once c  i s  known, 

(2-6b) has  only  one d e c i s i o n  v a r i a b l e  (c ) .  

Since x r e p r e s e n t s  c a p i t a l ,  f . (x )  i s  c l e a r l y  t he  u t i l i t y  of money 
J 

a t  t he  j t h  dec i s ion  poin t .  I n s t ead  of being assumed, a s  i s  genera l ly  

t h e  case,  t h e  u t i l i t y  func t ion  of money has i n  t h i s  model been 



induced from i n p u t s  whFch a r e  more p r i m i t i v e  than t h e  preferences  ' f o r  

money i t s e l f .  A s  (2-6) shows, f .(x) depends on t h e  i n d i v i d u a l ' s  
J 

p references  wi th  r e spec t  t o  consumption, t h e  a v a i l a b l e  investment 

oppor tun f t i e s  and t h e i r  r i s k i n e s s ,  t h e  i n t e r e s t  r a t e ,  and h i s  non- 

c a p i t a l  income stream. Are not  t h e s e  t h e  very f a c t o r s  t h a t  an 

ind iv idua l ,  given t h e  t a s k  of cons t ruc t ing  h i s  u t i l i t y  of money, would 

cons ider?  Since money i s  on ly  a  means t o  an end, i t  should t h e r e f o r e  

come a s  no s u r p r i s e  t h a t  i t s  u t i l i t y  i s  dependent on t h e  u t i l i t y  of 

t h e  end and t h e  o p p o r t u n i t i e s  f o r  achieving it. 

We s h a l l  now at tempt  t o  o b t a i n  t h e  s o l u t i o n  t o  (2-6) f o r  c e r t a i n  

c l a s s e s  of t h e  func t ion  u(c) .  S ince  U i s  a  c a r d i n a l  u t i l i t y  func t ion ,  

i t  should be remembered t h a t  + X2u(c), where and 1, 7 0 a r e  1 L &. 

cons tan ts ,  i s  a l s o  a, u t i l i t y  func t ion  whenever u(c) is. To keep ou r  

express ions  a s  simyle a s  poss ib l e ,  we s h a l l  cont inue t o  u se  t h e  

s imple r e p r e s e n t a t i o n  u(c)  i n  ou r  ana lys i s ,  

We s h a l l  now s t a t e  and prove a prel iminary r e s u l t  which w i l l  be 

needed l a t e r .  

Lemma 1: Let u ( c ) ,  B ~ ,  i = 2 ,  . . . ,  M y  and r be defined as i n  2.1 (when 

the  s u b s c r i p t  j i s  added).  Then t h e  func t ion  

sub jec t  t o  t he  f e a s i b i l i t y  c o n s t r a i n t  

and t h e  cons t r a in t  



(2 -9)  vi 2 0 f o r  a l l  i $ S  

h a s  a  maximum and t h e  maximizing v (- v  *) a r e  f i n i t e  and unique.  
i i 

Proof :  S i n c e  u ( c )  i s  undef ined f o r  c  < 0 ,  t h e  purpose  of (2-8) i s  t o  

i n s u r e  t h a t  t h e  argument o f  u w i l l  be  non-nega t ive  w i t h  p r o b a b i l i t y  1. 

L e t  D be t h e  (M-1)-dimensional space  d e f i n e d  by t h e  s e t  of p o i n t s  
F 

; =- (v 
2 'v39 

. . . ,  v ) which s a t i s f y  ( 2 - 8 ) .  S i m i l a r l y ,  l e t  D be t h e  s e t  
M S 

of  p o i n t s  G which s a t i s f y  (2-9) and d e f i n e  D - D O D  We s h a l l  f i r s t  
F S '  

prove t h a t  h  is  s t r i c t l y  concave on t h e  s e t  D and t h a t  D i t s e l f  i s  

non-empty, c l o s e d ,  bounded, and convex. 
1 

D i f f e r e n t i a t i n g  (2-7) t w i c e  we o b t a i n  

Then, s i n c e  u r t (c )  < 0 f o r  a l l  c  r 0 by t h e  s t r i c t  c o n c a v i t y  of u ,  

( B i - r l 2  2 0,  and pr{pi - r # O]  > 0, by th,e "no-easy-money c o n d i t i o n "  

( s e e  2.11,  we f i n d  t h a t  

L 

a hq  < 0 f o r  a l l  i (2-12) - 

whenever v D Thus,  h  i s  s t r i c t l y  concave on the  s e t  D.  
F ' 

l ~ h e  a u t h o r  g r a t e f u l l y  acknowledges a  deb t  t o  P r o f e s s o r  Brown f o r  
s e v e r a l  v a l u a b l e  s u g g e s t i o n s  concerning t h e  proof of t h e  c l o s u r e  and 
t h e  boundedness of D .  



The non-emptiness of D f o l l o w s  t r i v i a l l y  from t h e  o b s e r v a t i o n  t h a t  

- 0  
v  E ( 0 , 0 ,  . . . ,  0)  i s  a  member o f  D. By t h e  boundedness of t h e  P I s  and i 

- 0  
of r ( p r o p e r t i e s  1 and 2  i n  2 . 1 ) ,  t h e r e  e x i s t s  a neighborhood of  v  i n  

r e l a t i o n  t o  D.  That i s ,  t h e r e  i s  a neighborhood of  p o i n t s  v'  such t h a t  

where v'  2 0 f o r  a l l  i & S 
i 

L 0  
Now c o n s i d e r  t h e  p o i n t  $ v  + ),v' = ~ v '  where ), 2 0  and v '  i s  

one of t h e  p o i n t s  i n  t h i s  neighborhood. L e t  b(v) be t h e  g r e a t e s t  

Lower bound on b  such t h a t  

By t h e  "no-easy-money c o n d i t i o n "  o f  2 .1 ,  b ( v f )  2 -r f o r  v '  c D ,  

0  
b(G ) = 0 ,  and b (<)  < 0  f o r  a l l  % # 5'. Applying t h e  "no-easy-money 

c o n d i t i o n "  w i t h  r e s p e c t  t o  t h e  p o i n t  $. we o b t a i n ,  s i n c e  we may w r i t e  

t h a t  ~ b ( ; ' )  = b ( ~ ; ~ ) .  But when ),b(;') < - r ,  o r  ), > - r / b ( G q ) ,  t h e  

p o i n t  ;' cannot  l i e  i n  D s i n c e  ), > -r /b(; ' )  i m p l i e s  t h a t  

Thus, ho = - r / b ( G 1 )  i s  t h e  g r e a t e s t  lower bound on 1 such t h a t  2 $ D .  

- 0  
S i n c e  ), b )  = - r ,  ;hd c D and i s  i n  f a c t  t h e  p o i n t  f a r t h e s t  from v  

0  
- 0  

l y i n g  on t h e  l i n e  through v and ;' and be long ing  t o  D. 



We s h a l l  on ly  s k e t c h  t h e  remainder  of t h e  proof e s t a b l i s h i n g  t h e  

- 0 
c l o s u r e  and boundedness o f  D.  L e t  ; # v  be t h e  l i m i t  p o i n t  o f  a 

sequence o f  p o i n t s  { v  -(")I E D .  S i n c e  each p o i n t  i n  t h e  sequence belongs  

)  2 r f o r  a  n. I t  can now be shown, by u t i l i z i n g  t h e  t o  D ,  b ( v  

. . .  . M - 0 
f a c t  t h a t  ( p i - r ) v i  i s  cont inuous  a t  any ; # v  , uniformly w i t h  

i= 2 

- 
r e s p e c t  t o  t h e  Bi's on any bounded s e t ,  t h a t  l i m  b (v  -(")) s b(;), which 

rr'w 

i m p l i e s  t h a t  ; c D .  Consequent ly ,  D must be c l o s e d .  

The boundedness of D i s  e s t a b l i s h e d  a s  fo l lows .  L e t  SR be  t h e  s e t  

of p o i n t s  ; such t h a t  1;) = R > 0 .  
R 

i s  t h e n  c l e a r l y  bo th  c losed  and 

bounded. I f  D '  D S i s  empty, t h e  boundedness o f  D f o l l o w s  imrned- 
R 

i a t e l y .  L e t  u s  t h e r e f o r e  assume t h a t  D '  i s  non-empty; i n  t h i s  c a s e  D '  

i s  a l s o  bounded and c losed  s i n c e  D i s  c losed  and S i s  bounded and 
R 

c losed:  I f  ; i s  a  l i m i t  p o i n t  o f  t h e  sequence {v  -(")I such t h a t  

;(") 
D l ,  we must have t h a t  ; D '  s i n c e  D '  i s  c l o s e d .  But b(;) < 0 

0 
by t h e  "no-easy-money condi t ion ' '  ( s e e  2.1) s i n c e  ; $: v by assumption.  

- 
T h e r e f o r e ,  s i n c e  we a l r e a d y  have t h a t  l i m  b(v -'"I) 5 b(;), 0 cannot  be a  

e 
"") E D'. Consequent ly ,  b(;) l i m i t  p o i n t  t o  t h e  sequence [b(;'"))], v 

f o r  ; c D '  i s  bounded away from z e r o ,  which i m p l i e s  t h a t  D must be 

bounded . 
To prove convex i ty ,  l e t  ;" and ;"' be  two p o i n t s  i n  D. Then, f o r  

any 0 S X 5 1, 



and 

which i m p l i e s  

s o  t h a t  A;" + (1-A);''' c D. Thus ,  D i s  convex. 

S i n c e  our  problem has  now been shown t o  be one of maximizing a  

s t r i c t l y  concave f u n c t i o n  o v e r  a  non-empty, c l o s e d ,  bounded, convex s e t ,  

i t  f o l l o w s  from t h e  Kuhn-Tucker Theorem t h a t  t h e  f u n c t i o n  h  h a s  a  

* 
maximum and t h a t  t h e  v  a r e  f i n i t e  and un ique .  

1 
i 

A number of c o r o l l a r i e s  f o l l o w  from t h i s  lemma which we s h a l l  a l s o  

f i n d  u s e f u l  l a t e r .  

C o r o l l a r y  1. L e t  u ( c ) ,  p.. i = 2 ,  ... , M ,  and r be d e f i n e d  a s  i n  
L ' 

Lemma 1. Moreover, l e t  u ( c )  be such t h a t  it has  no lower bound. Then 

YC M :'c 
t h e  v .  which maximize (2-7) a r e  such  t h a t  p r (  g (Pi-r)vi  + r > 0)  = 1. 

1 
i = 2  

The proof  i s  immediate from t h e  o b s e r v a t i o n  that:  h + a s  t h e  g r e a t e s t  

M 
lower bound on b  such t h a t  p r (  X (Bi-r)vi  + r C b) 7 0 approaches  0 

i= 2 

from above.  

C o r o l l a r y  2. L e t  u ( c ) ,  p i ,  i = 2, . . : , M and r be d e f i n e d  as i n  

Lemma 1. Then t h e  maximum o f  t h e  f u n c t i o n  (2-7)  s u b j e c t  t o  t h e  con- 

s t r a i n t s  (2-8) and (2-9) i s  g r e a t e r  t h a n  o r  e q u a l  t o  u ( r ) .  

'H. W. Kuhn and A .  W .  Tucker ,  "Nonl inear  Proaramminn." Second u -. 
Berkeley Symposium on Mathemat ical  S t a t i s t i c s  and P r o b a b i l i t y ,  Berke ley ,  
U n i v e r s i t y  o f  C a l i f o r n i a  P r e s s ,  1951, pp. 481-486. 



Proof :  When vi = 0 f o r  a l l  i ,  we o b t a i n  by ( 2 - 7 )  h  = u ( r ) .  Unless  

Jr 
some o t h e r  f e a s i b l e  vi can make h  > u ( r ) ,  v = 0 s i n c e  t h e  ze ro  s o l u t i o n  

i 

i s  always f e a s i b l e .  

C o r o l l a r y  3 .  L e t  u ( c ) ,  B i ,  I = 2, . . . ,  M y  and r be d e f i n e d  a s  i n  

Lemma 1. Moreover, l e t  u ( c )  be  such t h a t  u ( c )  5 b. Then t h e  vi which 

s a t i s f y  (2-8) and (2-9) a r e  such t h a t  

M 
max E[U( c ( B ~ - r ) v i  + r)] c b 

i= 2 

The proof  i s  immediate from Lemma 1. 

C o r o l l a r y  4. L e t  u ( c ) ,  pi ,  i = 2, ..., M y  and r be d e f i n e d  a s  i n  

Lemma 1. Moreover, l e t  u ( c )  be such t h a t  i t  has  no lower bound, l e t  S  

be such t h a t  a l l  i c S ,  and l e t  t h e  pi be independen t ly  d i s t r i b u t e d .  

J< 
Then t h e  v .  which maximize (2-7) s u b j e c t  t o  (2 -8 )  (and ( 2 - 9 ) )  a r e  such 

1 

t h a t  

Jc > > 
(2-13) v .  = 0 i f  and o n l y  i f  E[B .] 2 r 

1 < 1 

Proof :  S i n c e  t h e  p i  a r e  s t a t i s t i c a l l y  independen t ,  t h e  p a r t i a l  

d e r i v a t i v e  (2 -10) .  e v a l u a t e d  a t  v = 0 ,  may be w r i t t e n  
i 

But 

s i n c e  t h e  f i r s t  f a c t o r  i s  p o s i t i v e  from t h e  monoton ic i ty  o f  u. By 



( 2 -12 ) ,  t h i s  proves t h e  f i r s t  p a r t  of (2-13) s i n c e  t he  assumptions w i th  

r e s p e c t  t o  u ( c )  and S  i n s u r e  an  i n t e r i o r  maximum wi th  r e s p e c t  t o  (2-8) 

( s e e  Coro l l a ry  I ) ,  and (2-9) i s  non -ex i s t en t .  Again by (2-12),  i f  

vi 3 0  when 
> > 

0 ,  t hen  *(vi=O) 0 ,  g iv ing  = r .  
a v .  7 a vi I < 

1 

Lemma 2. Le t  u ( c ) ,  p i ,  i = 2, ..., M, and r be de f i ned  a s  i n  2.1 

excep t  t h a t  u ( c )  has  an upper bound and i s  de f ined  f o r  c  < 0. Moreover, 

l e t  r 2 0  be a  cons t an t .  Then t h e  f u n c t i o n  
1 

* 
where v  2 0  f o r  a l l  i k S has  a  maximum and t h e  maximizing v . ( z  v . )  

i I. 1 

a r e  f i n i t e  and unique.  

The proof i s  s i m i l a r  t o  t h a t  of  Lemma 1. C o r o l l a r i e s  2-4 a l s o  

hold w i t h  ( 2 - 7 )  r ep laced  by (2-14) .  

2 . 3  THE SOLUTION WHEN u(xy) = U ( X ) ) U ( ~ ) \  

We s h a l l  f i r s t  cons ide r  t h e  c l a s s  of  u t i l i t y  f u n c t i o n s  u (c )  such 

t h a t  u(xy) = u(x)  1 u ( ~ )  1 .  Thi s  c l a s s  c o n s i s t s  of t h e  f u n c t i o n s  
1 

1 
The s e t  o f  s o l u t i o n s  t o  t h e  f u n c t i o n a l  equa t i on  u(xy) = u(x)u(y)  

i s  g iven  by (See 3 .  ~ c z g l  and S.  Golass ,  Funkt iona lg le ichungen  d e r  
Theor ie  d e r  Geometrischen -- Objek te ,  Warsaw, Panstwowe Wydawnictwo 
Naukowe, 1960, pp. 102-103.) 

(A) u (x)  z 0 

(B) 4 x 1  = jx lY 

where y i s  a cons t an t .  However, under our  r e s t r i c t i o n s  (u (x)  monotone 
i n c r e a s i n g  and s t r i c t l y  concave, x  2 O), b u t  i nc lud ing  t h e  p o s s i b i l i t y  
t h a t  u(xy) = u(x)  ( u ( y )  1 , t h e  s e t  ( A ) - ( D )  reduces  t o  (2-15) and (2 -16 ) .  



and 

A s  i n  t h e  f o l l o w i n g ,  we s h a l l  employ t h e  method o f  s u c c e s s i v e  a p p r o x i -  

m a t i o n s  i n  s e e k i n g  t h e  s o l u t i o n  t o  ( 2 - 6 a ) .  L e t  t h e  Nth  a p p r o x i m a t i o n  

o f  f ( x )  and t h e  o p t i m a l  s t r a t e g i e s  c ( x )  and z .  (x) i = 1, .. . , M ;  be  
1 

d e n o t e d  f ( x )  , cN(x) , and z ! ~ )  (x) , r e s p e c t i v e l y ,  and d e f i n e  
N 1 

We t h e n  o b t a i n  

M 
(2-11) f N ( x )  = max b(cN) + a E [ f N l (  i ( ~ ~ - r ) z / ~ )  + r (x -cN)  + Y I ~ ]  

Os cN< tN i = 2  

where  f  ( x )  z u(x) . 
1 

S o l v i n g  s u c c e s s i v e l y ,  we g e t  

M 
f 2 ( x )  = max + a ~ [ f ~ (  z (Bi-r)z:2) + r ( x - c 2 )  + y ) ] ]  

i = 2  

f M 
= max I u ( c 2 )  + ~ E [ u (  T (Bi-r)  z i 2 )  + r ( x - c 2 )  + Y) I 1 

i= 2 



By Lemma 1, the function 

subject to (2-8) and (2-9) has a unique maximum for finite v i ' 
Yc 

i = 2, ..., M. Denoting the maximizing values by v and the maximum i 

of (2-18) by k, we note that the set of values 

maximizes h for all values of x and c Since - 2' 

we clearly wish to make h as large as possible. Thus, the investment 

strategy given by (2-19) is optimal. 

Differentiating with respect to c (after maximizing with respect 
2 

to z(~) for all i), we obtain, since u(t2 - c ~ ) ~ )  kl = \u(t2 - c2) lak i 

by (2-15) and (2-16) , 



By the monotonicity and strict concavity of u(c), ul(c) is monotone 

decreasing; it therefore has an inverse. Denote the inverse of 

1 - u' by g, where y is the positive constant in (2-15) or (2-16), i.e., 
Y 

It then follows that g is positive and decomposable in the same way as 

(2-15), i.e., g(xy) = g(x)g(y). Upon setting the partial derivative 

(2-21) equal to zero, we obtain 

so that 

where c (x) clearly lies in the interval [0, 
2 

t2]. The maximum 

condition follows from the concavity of f in c (to be shown later). 
2 2 

f2(x)  now becomes 

( K 2  constant) 



s i n c e  ' [ u ( g ( a J  k J  1) 1 = a\ k (  g ( a )  k ) )  from !./XU' (g(a1 k l ) )  = U J  kl 

Cont inuing i n  t h i s  f a s h i o n ,  we o b t a i n ,  f o r  N = 2, 3 ,  ... 

Denoting l i m  f (x) by f ( x ) ,  we f i n d  t h a t  f ( x )  e x i s t s  whenever 
w w  * 

It i s  t h e n  given by 

= Ku( t )  (K c o n s t a n t )  

where t = l i m  t = x + 1 = x  + y . .  
E-+w 

M r-1 



Furthermore c  (x )  and e j N )  (x) , i = 1 , . . . , M y  converge t o  
N 1 

We must now show t h a t  t h e  s o l u t i o n  i s  unique.  S i n c e  t h e  sum of  

two s t r i c t l y  concave f u n c t i o n s  i s  s t r i c t l y  concave,  max [ u ( c 2 )  + 
C 

2 

a\ k l u ( t 2 - c g ) ]  i s  s t r i c t l y  concave f o r  0 i c  i t 2 ,  and t h e r e f o r e  f o r  
2  

1 
0 5 c  < x  + y / r ,  by t h e  s t r i c t  c o n c a v i t y  o f  u ( c ) .  T h e r e f o r e ,  by 

2 

( 2 - 2 1 ) ,  f 2 ( x )  i s  s t r i c t l y  concave f o r  x  5 - ~ / r .  As a  r e s u l t ,  c2 (x)  i s  

unique.  By (2-19) ,  z:2)(x), i = 1, . . . , M y  i s  t h e n  a l s o  unique.  By 

i n d u c t i o n ,  we o b t a i n  t h a t  each f u n c t i o n  i n  t h e  sequence [ f  ( x ) ]  i s  N 

s t r i c t l y  concave and t h a t  t h e  sequences  [ c  (x) ] , (z'~) (x) ] , 
N i 

i = 1, . . . ,  M y  a r e  unique.  Thus, t h e  l i m i t  f u n c t i o n  f ( x )  i s  s t r i c t l y  

concave. From t h i s  i t  f o l l o w s  t h a t  t h e  o p t i m a l  s t r a t e g i e s  a r e  unique.  

The p reced ing  now e s t a b l i s h e s  

Theorem 2. L e t  a,  u ( c ) ,  fji, i = 2, . . . , M y  r ,  y ,  and f ( x )  be d e f i n e d  

a s  i n  2.1. Moreover, l e t  u ( c )  be such t h a t  u(xy) = u(x)  ( u ( y ) l  and 

l ~ h e  proof o f  t h e  theorem which s t a t e s  t h a t  i f  G(x,y) i s  a 
s t r i c t l y  concave f u n c t i o n  o f  x  and y  f o r  x ,y  2 0, t h e n  t h e  f u n c t i o n  
H(x) d e f i n e d  by H(x) = max G(x,y) i s  s t r i c t l y  concave i n  x  f o r  

o<y<x 
x 2 0 may be found i n  Richard Bellman, 9. G.., p .  21. 



l e t  t h e  f u n c t i o n  g  be t h e  i n v e r s e  o f  ( l / ~ ) u ' ( c ) ,  where 1 i s  t h e  

c o n s t a n t  i n  (2-15) o r  (2-16) .  Then a s o l u t i o n  t o  (2-6a) e x i s t s  f o r  

x  2 -Y whenever g ( a (  kl ) > max [ I ,  1 u(1)  1 ] and i s  g i v e n  by (2-30) - ( 2 - 3 2 ) ,  

where k i s  t h e  maximum of (2-18) ( s u b j e c t  t o  (2-8) and , (2-9))  and 

9: 
t h e  v .  a r e  t h e  v a l u e s  of v  which g i v e  the:.xnaximum. Fur thermore,  t h e  

1 i 

o p t i m a l  s t r a t e g i e s  (2-31) and (2-32) a r e  unique.  

When y = 0 ,  t h e  s o l u t i o n  t o  (2-6a) reduces  t o  

f (x) = Ku(x) 

But t h e n ,  l e t t i n g  t = x + Y as b e f o r e ,  

A s  a r e s u l t ,  excep t  f o r  zl(x + Y ) ,  t h e  s o l u t i o n  t o  t h e  o r i g i n a l  

problem i s  n o t  a l t e r e d  when t h e  i n d i v i d u a l ,  i n s t e a d  of r e c e i v i n g  t h e  

n o n - c a p i t a l  income s t ream i n  i n s t a l l m e n t s ,  i s  g iven  i t s  p r e s e n t  v a l u e  Y 

i n  advance. Thus,  i n s t e a d  o f  l e t t i n g  x  be t h e  s t a t e  v a r i a b l e  when 



t h e r e  i s  a  n o n - c a p i t a l  income, one could l e t  x  + Y be t h e  s t a t e  

v a r i a b l e  ( p r e t e n d i n g  t h e r e  i s  no income), a s  long a s  Y i s  deducted 

from z l (x  + Y)  . 

2 . 3 . 1  Model I 

A s  was i n d i c a t e d  e a r l i e r ,  one o f  t h e  two p o s s i b l e  f u n c t i o n s  which 

s a t i s f y  t h e  decomposab i l i ty  requirement  o f  Theorem 2 i s  

We s h a l l  r e f e r  t o  t h e  d e c i s i o n  problem (2-6) when u ( c )  i s  of t h i s  form 

a s  Model I .  The c h i e f  c h a r a c t e r i s t i c  of (2-15) w i t h  which we s h a l l  be 

concerned i s  t h a t  u (c )  h a s  a  lower bound b u t  no upper  bound. 

- 1 - 
When (2-15) h o l d s ,  u' (c)  = ~ c ' - ~  so  t h a t  g (x)  = XI-'. Thus t h e  

- 1 - 
convergence c o n d i t i o n  (2-29) becomes (a\ kl )'-I > 1, o r  k/ < 1. By 

X C o r o l l a r y  2, k 2 r , s o  t h a t  ak > 0 and f ( x )  i s  f i n i t e  o n l y  f o r  

a < l / rA  < 1. Thus, when ak < 1, t h e  s o l u t i o n  t o  Model I f o r  x 2 -Y 

i s ,  by Theorem 2 ,  



9; 
where k  and t h e  v a r e  g i v e n  by 

i 

s u b j e c t  t o  (2-8) and ( 2 - 9 ) .  

2 . 3 . 2  Model I1 

L e t  us  now examine t h e  second c l a s s  o f  f u n c t i o n s  u f o r  which 

Theorem 2 h o l d s ,  namely 

Here ,  U ~ C )  h a s  an upper  bound but  no lower bound. S i n c e  u l ( c )  = 

- 
- A - 1  

Xc , g(x)  = xX+l so  t h a t  t h e  convergence c o n d i t i o n  (2-29)  becomes 

( a / k ( ) ' + '  > 1, o r  k( < I. By C o r o l l a r y  2, k 2 -r-', and by 

C o r o l l a r y  3 ,  k < 0; t h u s  / k /  5 r-A < 1 s o  t h a t  t h e  convergence 

c o n d i t i o n  always ho lds  

By Theorem 2, t h e  s o l u t i o n  t o  Model I1 i s  t h e n ,  f o r  x  2 -Y 



.L 

where k and v a r e  g iven  by i 

s u b j e c t  t o  (2 -8 )  and ( 2 - 9 ) .  

2 . 4  THE SOLUTION u(xy) = u.(x) + u ( y )  

We s h a l l  now c o n s i d e r  t h e  c l a s s  o f  u t i l i t y  f u n c t i o n s  which i s  

decomposable i n  such a  way t h a t  u(xy)  = u(x)  + u ( y ) .  S i n c e  o n l y  one 

f u n c t i o n  s a t i s f i e s  t h i s  p r o p e r t y ,  namely u ( c )  = l o g  c ,  we s h a l l  

t h e r e f o r e  r e p l a c e  u ( c )  w i t h  l o g  c  i n  (2-6)  whenever t h i s  c l a s s  i s  

1 
c o n s i d e r e d .  It should  be noted t h a t  t h i s  c l a s s  o f  u t i l i t y  f u n c t i o n s  

L 
See J .  Aczdl ,  Vorlesungen uber  F u n k t i o n a l ~ l e i c h u n g e n  und Ikire 

Anwendungen, S t u t t g a r t ,  B i rkhause r  V e r l a g ,  1961,  p .  48. 



has  n e i t h e r  a n  upper  n o r  a lower bound. The s o l u t i o n  i s  now g i v e n  by 

Theorem 3. L e t  a, p i ,  i = 2, ..., M y  r ,  y ,  and f ( x )  be d e f i n e d  as i n  

2.1.. Moreover, l e t  u ( c )  = log  c.  Then a  s o l u t i o n  t o  (2-6a)  e x i s t s  

f o r  x  2 -Y and i s  g iven  by 

it 
where k and v a.re g iven  by 

i 

s u b j e c t  t o  (2-8) and (2 -9) .  F u r ~ h e r m o r e ,  t h e  o p t i m a l  s t r a t e g i e s  

(2-42) and (2-43) a r e  unique.  

P r o o f :  Le t  us  v e r i f y  t h a t  t h e  s o l u t i o n  s a t i s f i e s  (2-6a)  by d e n o t i n g  - 
t h e  r igh t -hand  s i d e  T(x) upon i n s e r t i n g  (2-41) f o r  f ( x ) .  Then 

M 
T(x) = max log(  C (Di-r) zi 

0s c5xfY i= 2 



= max l o g  c  + A log(x+y-c) 
os C < X + ~  i 1-a 

z .rO 
1 

+i k s  

By (2-7) ,  t h e  t h i r d  t e rm can be w r i t t e n  

a T where - > 0 .  S i n c e  the.maximum of  h  i s  k by (2-44) and s t r a t e g y  
a h  

(2-43) a s s u r e s  t h i s  v a l u e  r e g a r d l e s s  o f  t h e  v a l u e s  of x and of c ,  

(2-43) i s  c l e a r l y  t h e  maximizing s t r a t e g y .  The t h i r d  term t h e n  

becomes - ak . S o l v i n g  
1 -a 

f o r  c  we o b t a i n  (2 -42) .  Thus ,  



a ~ ( x )  = log(1-a)  + l o g ( x + ~ )  + - l o g  a + - a l o g  (x+Y) 
1 -a 1-a 

- - - l o g  (X + Y) + - l o g ( 1 - a )  + a l o g  a + 
a k  

1 -a 1 -a 
( 1 - a l 2  

The uniqueness  o f  t h e  s o l u t i o n  fo l lows  immediately from t h e  s t r i c t  

c o n c a v i t y  o f  f  (x) . 

.. . 
2.5 THE SOLUTION WHEN u(x  + y)  = U ( X ) ( U ( ~ ) )  

We s h a l l  now examine t h e  c a s e  when u ( x  + y )  = u ( x ) ) u ( y )  1 .  The 

o n l y  u t i l i t y  f u n c t i o n s ,  by t h e  c r i t e r i a  o f  2.1, which s a t i s f y  t h i s  

f u n c t i o n a l  e q u a t i o n  a r e  t h o s e  g i v e n  by 
1 

S i n c e  -1 5 u ( c )  5 0 ,  t h i s  c l a s s  p rov ides  a n  example o f  a  u t i l i t y  

f u n c t i o n  w i t h  b o t h  a n  upper  and a lower bound. The s o l u t i o n  t o  (2-6a) 

i s  now g i v e n  by 

Theorem 4. L e t  a, fj.. i = 2, . . . , M y  r ,  y ,  and f ( x )  be  d e f i n e d  as i n  
I' 

2.1. Moreover, l e t  u (c )  = -e -YC f o r  c  2 0 where y > 0. Then t h e  

s o l u t i o n  t o  (2-6a) e x i s t s  f o r  x  r -~+[r/(~(r-l)?~log(-akr) and i s  

g iven by 

A - (, + y) 
r r - 1 r 

(2-46) f ( x )  = - -- (-akr) e  
r- 1 

1 
The s o l u t i o n  t o  t h e  f u n c t i o n a l  e q u a t i o n  u(x+y) = u ( x ) l ~ ( ~ ) ]  i s  

u ( x j  = eYX, u(x)  = -eYX, u (x)  5 0 ( s e e  9. ~ c z g l ,  Vorlesungen . . . , 
pp .  47-48) .  O f  t h e s e ,  on ly  t h e  s u b s e t  g iven  by (2-45) i s  s t r i c t l y  
concave and monotone i n c r e a s i n g .  



>k 
where k and v a r e  g iven  by 

i 
M YC 

-C (Bi-r )vi  

(2-49) k 5 E[-e 
i=2 

1 

M 
-'Z (Pi-  r) vi 
i= 2 

= max EL-e 3 

provided t h a t  

- 7k 
where b(v ) i s  t h e  g r e a t e s t  lower bound on b  such t h a t  

- 3k k >k 
and v  ( v 2 , . . . , v M ) .  Moreover, t h e  op t imal  s t r a t e g i e s  (2-47) and 

(2-48) a r e  un ique .  

P roof :  To o b t a i n  t h i s  s o l u t i o n ,  it  i s  n e c e s s a r y  t o  proceed i n  two 

s t e p s .  F i r s t ,  c o n s i d e r  (2-6a)  w i t h  t h e  n o n - n e g a t i v i t y  r e s t r i c t i o n  on 

c removed. The new e q u a t i o n  i s  s t i l i  w e l l  d e f i n e d  mathemat ica l ly  



s i n c e  t h e  f u n c t i o n  (2-45) i s  def ined  f o r  a l l  c .  We have s imply removed 

t h e  economic con ten t  o f  u ( c )  , and hence ( 2 - 6 a ) .  However, i f ,  upon 

s o l v i n g  t h e  new e q u a t i o n ,  we can f i n d  an  i n t e r v a l  of x such t h a t ,  once 

e n t e r e d ,  c (x )  w i l l  remain non-nega t ive  w i t h  p r o b a b i l i t y  1, t h e  economic 

con ten t  may be reimputed t o  t h e  s o l u t i o n  f o r  t h a t  i n t e r v a l .  Thus,  

t h e  second s t e p  i s  t o  f i n d  t h e  c o n d i t i o n s ,  i f  any ,  which g u a r a n t e e  t h e  

n o n - n e g a t i v i t y  o f  c ( x ) .  

S t e p  1: By a  proof  s i m i l a r  t o  t h a t  of Theorem 3 ,  i t  can be  shown t h a t  

t h e  s o l u t i o n  t o  ( 2 - 6 a ) ,  under t h e  assumptions  of Theorem 4  but  w i t h  t h e  

r e s t r i c t i o n  on c  removed, e x i s t s  f o r  a l l  x and i s  g i v e n  by (2-46)-  

(2-49) , t h e  op t imal  s t r a t e g i e s  (2-47) and (2-48) being un ique .  

S t e p  2: Upon examinat ion o f  ( 2 - 4 7 ) ,  i t  i s  r e a d i l y  s e e n  t h a t  c ( x )  r 0 

whenever 

s i n c e  c  i s  s t r i c t l y  i n c r e a s i n g  i n  x .  By ( 2 - 2 ) ,  i t  f o l l o w s  t h a t  t h e  

g r e a t e s t  lower bound on t h e  c a p i t a l  p o s i t i o n  a t  t h e  beg inn ing  o f  t h e  

next pe r iod  i s  

Deduct ing t h e  c u r r e n t  c a p i t a l  x ,  t h e  --- minimum i n c r e a s e  i n  each per iod  

becomes 



once t h e  o p t i m a l  s t r a t e g i e s  (2-47) and (2-48) a r e  i n s e r t e d  i n  (2 -52) .  

Whenever (2-53)  i s  non-nega t ive ,  i t  fo l lows  t h a t  t h e  p r o b a b i l i t y  of a  

c a p i t a l  d e c r e a s e  i s  0 .  S i n c e  (2-53) i s  independent  of  x ,  and i n  f a c t  

a  c o n s t a n t ,  we o b t a i n  t h a t  c a p i t a l  w i l l  never  d e c r e a s e ,  r e g a r d l e s s  of 

t h e  v a l u e  of  x ,  when (2-53)  h o l d s .  S i n c e  r / ( y ( r - 1 ) )  > 0 ,  c ( x )  2 0  

whenever (2-51) and (2-50) h o l d .  When (2-50)  h o l d s ,  we a l s o  f i n d  t h a t  

t h e  r igh t -hand  s i d e  of  (2-51)  i s  g r e a t e r  t h a n  o r  e q u a l  t o  - Y ,  which 

g i v e s  t h e  theorem. 

S i n c e  t h e  second term i n  (2-50) i s  always n o n - p o s i t i v e ,  i t  f o l l o w s  

t h a t  i t  i s  n e c e s s a r y ,  but  not  s u f f i c i e n t ,  f o r  (2-50)  t o  hold t h a t  

- ak r  2 1. (By Lemma 2  and C o r o l l a r i e s  2 and 3 ,  -1 5 k < 0 ;  t h u s .  i t  

i s  a l s o  n e c e s s a r y ,  bu t  n o t  s u f f i c i e n t ,  t h a t  a 2 l / r . )  

2 . 6  PROPERTIES OF THE OPTIMAL CONSUMPTION STRATEGIES 

I n  each of t h e  f o u r  models we n o t e  t h a t  t h e  o p t i m a l  consumption 

f u n c t i o n  c (x )  i s  l i n e a r  i n c r e a s i n g  i n  c a p i t a l  x and i n  n o n - c a p i t a l  

income y. Whenever y  > 0, p o s i t i v e  consumption i s  c a l l e d  f o r  even 

when t h e  i n d i v i d u a l ' s  n e t  wor th  i s  n e g a t i v e ,  a s  long  a s  i t  i s  g r e a t e r  

L t h a n  -Y i n  Modsls 1-111 and g r e a t e r  t h a n  -Y + [ r / ( ~ ( r - 1 )  ) ] l o g & k r )  i n  

Model IY. Only at t h e s e  end p o i n t s  would t h e  i n d i v i d u a l  consume 

n o t h i n g .  

The o p t i m a l  consumpticn s t r a t e g i e s  have a n  i n t e r e s t i n g  r e l a t i o n  

t o  t h e  consumption hypotheses  of M o d i g l i a n i  and ~ r u m b e r ~ l  and of  

IF.' M o d i g l i a n i  and i;. Brurnberg,  "iJ t i l i t y  A n a l y s i s  and t h e  
Consumption Funct ion:  An I n t e r p r e t a t i o n  of  C r o s s - S e c t i o n  Data ,"  
Post -Keynesian Economics ( e d .  K .  K u r i h a r a ) ,  New Erunswick,  Ru tgers  
U n i v e r s i t y  P r e s s ,  1954. 



1 
Friedman, which form a n  impor tan t  p a r t  of t h e  s o - c a l l e d  new consump- 

2 
t i o n  t h e o r i e s .  One o f  t h e  hypotheses ,  u s u a l l y  r e f e r r e d  t o  a s  t h e  

normal income h y p o t h e s i s  o r  a s  t h e  permanent income h y p o t h e s i s ,  

e s s e n t i a l i y  s t a t e s  t h a t  a n  i n d i v i d u a l ' s  consumption i n  any per iod  

depends on ly  on h i s  normal (permanent)income. Normal income i s  u s u a l l y  

t a k e n  t o  i n c l u d e  t h e  c u r r e n t  v a l u e  o f  t h e  i n d i v i d u a l ' s  n e t  a s s e t s  p l u s  

t h e  p r e s e n t  v a i u e  o f  h i s  f u t u r e  n o n - c a p i t a l  income s t ream.  The 

second h y p o t h e s i s ,  named t h e  p r o p o r t i o n a l i t y  h y p o t h e s i s ,  s t a t e s  t h a t  

" f o r  any i n d i v i d u a l ,  t h e  r e l a t i o n s h i p  between h i s  consumption and h i s  

normal (permanent)  income i s  one o f  p r o p o r t i o n a l i t y .  "3 Both o f  t h e s e  

hypotheses  have been a t  l e a s t  p a r t i a l l y  confirmed by e x t e n s i v e  

e m p i r i c a l  t e s t s  c a r r i e d  ou t  by t h e i r  sponsors .  

S u r p r i s i n g l y ,  t h e  optjbnal consumption s t r a t e g i e s  o f  Models 1-111 

s a t i s f y  t h e  p r o p e r t i e s  spe .c i f i ed  by t h e  two consumption h.ypotheses 

p r e c i s e l y .  Thus, i n d i v i d u a l s  who maximize expected u t i l i t y  from 

consumption o v e r  t ime i n  a r i s k y  environment and whose p r e f e r e n c e s  

a r e  of t h e  c l z s s  d e f i n e d  by Models 1-111 e x h i b i t  t h e  same kind o f  

behaviour  w i t h  r e s p e c t  t o  consumption t h a t  c h a r a c t e r i z e s  a g r e a t  many 

peop le  i n  t h e  r e a l  wor ld ,  While t h i s  s i g n i f i c a n t  mee t ing-po in t  between 

d e s c r i p t i v e  and normat ive  c,onsumption t h e o r y  ha.s a  number of i n t e r e s t -  

i n g  a s p e c t s ,  t h e  mos t  s i g n i f i c a n t  o b s e r v a t i o n  from t h e  p o i n t  of view 

of  t h i s  s t u d y  i s  t h a t  t h e  c l a s s  of u t i l i t y  f u n c t i o n s  (1-5) such t h a t  

U(C)  = cY,  0  < y < 1, u ( c j  = - c - ~ ,  y > 0 ,  o r  u(c)  = l o g  c  may 

h i l t o n  Friedman, A Theory o f  t h e  Consumption -- Func t ion  , P r i n c e t o n ,  
P r i n c e t o n  U n i ~ ~ e r s i t y  P r e s s ,  1957, 

%. J .  P a r r e l l ,  "The New T h e o r i e s  of t h e  Consumption Func t ion , "  
Economic J o u r n a l ,  December i959,  

3 ~ b i d . ,  p. 681. 



r e p r e s e n t  a  v a l i d  approximat ion of t h e  p r e f e r e n c e s  of a  l a r g e  group of  

i n d i v i d u a l s .  

2 .6 .1  E f f e c t  o f  Impa t ience  Ra te  

We s h a l l  now examine t h e  e f f e c t  o f  impa t ience  on t h e  o p t i m a l  con- 

sumption s t r a t e g i e s .  S i n c e  t h e  f u n c t i o n s  (2-34) ,  (2-38) ,  (2 -42) ,  and 

(2-47) a r e  a l l  d e c r e a s i n g  i n  a, we f i n d  i n  each case  t h a t  t h e  g r e a t e r  

t h e  i n d i v i d u a l ' s  impa t ience  1-Q, i s ,  t h e  g r e a t e r  h i s  p r e s e n t  consumption 

would be. T h i s ,  o f  c o u r s e ,  i s  what we would e x p e c t .  

2 .6 .2  E f f e c t  o f  R i s k  Avers ion I n d e x  

P r a t t  p roposes  a.s a  measure o f  t h e  r i s k  a v e r s i o n  possessed  by a  

1 
u t i l i t y  i n d i c a t o r  u ( c )  t h e  f u n c t i o n  

I n  Model IV, we f i n d  t h a t  q (c )  = y; s i n c e  c (x )  i s  s e e n  t o  be  i n c r e a s i n g  

i n  y ,  t h e  g r e a t e r  t h e  r i s k  a v e r s i o n  of u ( c ) ,  t h e  g r e a t e r  t h e  amount o f  

p r e s e n t  consumption. 1.t should be  noted t h a t  (2-45) i s  t h e  on ly  

s t r i c t l y  concave f u n c t i o n , 2  and hence t h e  o n l y  u t i l i t y  f u n c t i o n ,  f o r  

which t h e  r i s k  a v e r s i o n  index  (2-54) i s  c o n s t a n t  f o r  a l l  c .  

P r a t t  a l s o  d e f i n e s  a second f u n c t i o n  

1 which h e  c a l l s  t h e  p r o p o r t i o n a l  r i s k  a v e r s i o n  index.  By t h i s  measure 

L ~ o h n  P r a t t ,  v 'Risk-Avers ion i n  t h e  Small  and i n  t h e  L a r g e , "  
Econometr ica ,  J a n u a r y - A p r i l  1964, p. 122. 

'1bid. , p. 130. 



we obtain 

for Models I, 11, and 111, respectively. By reference to (2-34) and 

?': 

(2-38), we find that c(x) is increasing in q (c) . Again, the one- 

period utility functions of Models I-XII are the - o n 9  ones for which 
.,A 1 
q"(c) is constant, Thus, the more risk aversive the individual's 

consumption preferences are, the more he will favor the present at the 

expense of the future, Note that the preceding statements say nothing 

about his investment behavior but refer only to his optimal consumption 

pattern. 

2.6.3 Effect of the "Favorableness" of the Investment Opportunities 

From (2-36), ( 2 - 4 0 ) ,  (2-441,  and (2-49)  we observe that k is a 

natural measure of the "favorableness9' of the investment opportunities. 

This is because k is a maximum function determined by (the one-period 

utility function and) the distribution function F; moreover, F is 

reflected in the solution only through k, and f(x) is increasing in k. 

Let us examine the effect of k on the marginal propensitic: to consume 

out of capital, aclax, and out of non-capital income, ac /ay ,  where 

ac/ay = [l/(r-l)]ac/ax. (By the linearity of the consumption function 

mentioned earlier, these propensities are constant over all feasible 



a l l  i ,  j 

Given t h a t  f  i s  non-decomposable, i . e . ,  i t  cannot  be  w r i t t e n  a s  
j 

t h e  sum o r  product  o f  th7o o r  more f u n c t i o n s ,  i t  appears  p o s s i b l e  f o r  

(2-81) t o  hold  f o r  a l l  x and Y .  when t h e  maximizing z a r e  o f  t h e  
j 3 i j 

form (2-80) o n l y  i f  c  = x + y  . / r  and q i s  c o n s t a n t  o r  i f  t h e  $ 
j j~ j i j 

Jc 
a r e  i d e n t i c a l l y  d i s t r i b u t e d  f o r  a l l  i such t h a t  v  # 0 given  j. i j 

S i n c e  t h e  l a t t e r  p o s s i b i l i t y  i s  r u l e d  o u t  by even t h e  m i l d e s t  r e q u i r e -  

ment of g e n e r a l i t y  w i t h  r e s p e c t  t o  t h e  investment  r e t u r n s ,  i t  remains 

t o  c o n s i d e r  whether  i t  i s  f e a s i b l e  f o r  c .  t o  be  e q u a l  t o  x + y . / r  
3 j~ 

when q  i s  c o n s t a n t .  We o b t a i n  when t h i s  i s  t h e  c a s e  
j 

(5 c o n s t a n t )  

so t h a t  c  = x + y . / r  w i t h  q c o n s t a n t  i s  t h e r e f o r ' e  n o t  t h e  o p t i m a l  
j j J j 

consumption s t r a t e g y  f o r  a l l  v a l u e s  o f  x and Y Thus, wh.en f .  i s  
j j ' J 

non-decomposabie, it would appear  t h a t  a n  investment  s t r a t e g y  such 

t h a t  t h e  mix o f  r i s k y  inves tments  i s  i n v a r i a n t  f o r  all x , a, and Y 
j j 

i s  never  o p t i m a l .  

L e t  us  t h e r e f o r e  c o n s i d e r  t h e  s i t u a t i o n  when f  i s  decomposable. 
j 

I n  t h i s  c a s e ,  one o f  t h e  f o u r  Cauchy e q u a t i o n s  must hold .  Tha t  i s ,  

e i t h e r  



for all j .  Their non-trivial solutions are given by 1 

(2-88) f . (t) = a .  log(b .d .t) , g . (t) = a. log(b .t) , h . (t) = a, log(d .t) J  J  J J  J  3 J  J  J  J 

respectively, where a b d and y are constants. 
j' j' j' j 

Consider (2-89) first. (2-6) now becomes 

1 
See J. ~ c z g l ,  Vorlesungen . . . , pp. 116-118. 



But when we maximize w i t h  r e s p e c t  t o  c  and z  we know from 
j i j '  

Theorem 2  t h a t  t h e  l a s t  f a c t o r  i s  e q u a l  t o  k  a s  gi;en by (2-36) o r  
j 

(2-40) and a l s o  t h a t  t h e  o p t i m a l  investment  mix i s  i n v a r i a n t  f o r  a l l  

x Y and a. Thus, we a r e  l e f t  w i t h  a n  e q u a t i o n  o f  t h e  form 
j' j y  

Consequent ly ,  u ( c . )  must s a t i s f y  t h e  e q u a t i o n  
3 

s o  t h a t  

u ( c )  =  KC^ + a  (K,  a ,  y c o n s t a n t s )  

which l eaves  a s  t h e  o n l y  p o s s i b l e  u t i l i t y  f u n c t i o n s  

(2-15) u ( c )  = cY O < y < l  

S i m i l a r l y ,  from (2-87) and (2-88) we o b t a i n  

(2-92) u ( c )  = l o g  c 

w h i l e  no u t i l i t y  f u n c t i o n  e x i s t s  i n  t h e  c a s e  o f  (2-86) due t o  t h e  

l i n e a r i t y  o f  t h a t  f u n c t i o n .  

We s h a l l  now summarize t h e  main r e s u l t  o b t a i n e d  i n  t h i s  s t u d y  i n  

t h e  fo l lowing  theorem: 



Theorem 5.  Given t h e  fo l lowing :  

1)  An i n d i v i d u a l  whose economic o b j e c t i v e  i s  t h e  maximizat ion of  

expec ted  u t i l i t y  from consumption o v e r  t ime  and whose p r e f e r e n c e s  

a r e  r e p r e s e n t a b l e  by 
03 

j - 1  
2) A u t i l i t y  f u n c t i o n  U = a u ( c , ) ,  0  < a < 1, d e f i n e d  f o r  a l l  

c  r 0 ,  where c  i s  t h e  amount consumed i n  p e r i o d  j ,  such t h a t  
j j 

u ( c . )  i s  s t r i c t l y  concave,  t w i c e  d i f f e r e n t i a b l e ,  and monotone 
J 

i n c r e a s i n g  o v e r  i t s  e n t i r e  domain. 

3) I n t e r e s t  r a t e  r-1 > 0  a t  which funds may be b o t h  borrowed and l e n t .  

4) A n o n - c a p i t a l  income s t r e a m  (y  
j J  Y j + l Y  

. . . )  where y  i s  t h e  i n s t a l -  
j 

ment r e c e i v e d  w i t h  c e r t a i n t y  a t  t h e  end o f  pe r iod  j. I t s  p r e s e n t  

v a l u e  a t  t h e  j t h  d e c i s i o n  p o i n t ,  on t h e  b a s i s  o f  i n t e r e s t  r a t e  r-1, 

5) Weal th  x a t  t h e  j t h  d e c i s i o n  p o i n t  where x  2 -Y 
j  1 1' 

6) The o p p o r t u n i t y  t o  lend u n r e s t r i c t e d  amounts and t o  borrow up t o  

amount P on t h e  s e c u r i t y  o f  the  n o n - c a p i t a l  income s t r e a m  a l o n e .  
j  

A d d i t i o n a l  funds  may be borrowed t o  t h e  e x t e n t  t h a t  p r i n c i p a l  and 

i n t e r e s t  can be r e p a i d  w i t h  c e r t a i n t y  i n  one p e r i o d .  

7)  The o p p o r t u n i t y  t o  i n v e s t  a t  each d e c i s i o n  p o i n t  j i n  v e n t u r e s  

which a r e  s u b j e c t  t o  r i s k .  F o r  each v e n t u r e ,  t h e  r e t u r n  i s  

r e a l i z e d  i n  cash a t  t h e  end of  t h e  p e r i o d ;  r e t u r n s  t o  s c a l e  a r e  

c o n s t a n t .  I f  P i s  t h e  t r a n s f o r m a t i o n  i n  p e r i o d  j o f  a  u n i t  o f  
i j  

c a p i t a l  i n v e s t e d  i n  o p p o r t u n i t y  i ,  t h e n  0  5 p i j  < f o r  a l l  i 

and j .  The d i s t r i b u t i o n  f u n c t i o n s  F where 
j 



a r e  assumed t o  be known and independent  f o r  a l l  j .  Moreover, 

M 
j 

~ r [  (Bi j - r )Qi j  < 01 > 0 f o r  a l l  j where t h e  Q i j  a r e  f i n i t e  numbers 
i = 2  

such t h a t  Q i j  5 0 f o r  a l l  o p p o r t u n i t i e s  i which cannot  be s o l d  s h o r t  

i n  p e r i o d  j and 8  # 0 f o r  a t  l e a s t  one i. 
i j 

Then t h e  op t imal  mix o f  r i s k y  inves tments  i n  each p e r i o d  j i s  

independent  of t h e  w e a l t h  x t h e  n o n - c a p i t a l  income s t ream 
j  ' 

( y j ,  Y ~ + ~ ~ . . . ) ~  and t h e  impat ience r a t e  1-a i f  t h e  one-per iod  u t i l i t y  

f u n c t i o n  u(c)  i s  such t h a t  e i t h e r  t h e  r i s k  a v e r s i o n  index  q(c)  g iven  

7k 
o r  t h e  p r o p o r t i o n a l  index  q (c)  g iven  by 

i s  a p o s i t i v e  c o n s t a n t ,  t h a t  i s ,  ugcj  i s  one o f  th.e f u n c t i o n s  (2-151, 

(2 -16) ,  (2 -92) ,  o r  (2 -45) .  A l t e r n a t i v e l y ,  t h e  op t imal  mix of r i s k y  

inves tments  i n  any p e r i o d  depends o n l y  on t h e  s e t  o f  d i s t r i b u t i o n  

f u n c t i o n s  C F  . I y  t h e  i n t e r e s t  r a t e  r-1, and t h e  ( r i s k  a.version) 
J 

-7. 

index q o r  q . 
The i m p l i c a t i o n s  o f  t h i s  r e s u l t  a r e  p a r t i c u l a r l y  s i g n i f i c a n t  i n  

r e s p e c t  t o  t h e  t h e o r y  of t h e  f i r m  a s  we s h a l l  now demons t ra te .  



2.11.1 Bases for the Formation of Firms 

The following consequence is immediate: 

Corollary 5. Given the antecedents of Theorem 5 and a collection of 
-1. 

individuals whose risk aversion indices q or q are positive constants, 

there is a. basis for the formation of firms, one for each non-identical 

f< 
pair (q,[~~]) and (q ,(Fj]), such that individuals with the same risk 

aversion index and the same probability beliefs may delegate the choice 

and mix of productive (risky) investments to the same firm regardless 

of their wealth, non-capital income, and impatience to spend. 

By the words "may delegate" we mean that the individual would be 

indkfferent between making the risky investments himself and turning 

the total amount al1.ocated to risky investments over to a firm for 
.I, 

investment. The firm (q ' ' . , [~ j ] )  will be said to be compatible with 

;'c 
individuals whose risk aversion indices are q and whose probability 

beliefs are given by {F . ]  . 
J 

This result may be interpreted in two different ways. From a 

normative point of view, it indicates that there is a ra-tionai reason 

for economic cooperation (or, more accurately in our framework, no 

rational reason for non- cooperat ionj among individuals with different 

goals and in different economic circumstances. Descriptively, the 

corollary implies that the economic cooperation we obser-ve among 

unlike individuals in the real world is consistent with, and may 

possibly have arisen as a result of, each individual's (selfish) 

desire to maximize expected utility from consumption over time. 



2.11.2 The Firm's Objective and Its Optimal Capital Structure 

We shall now continue on the path which has just been broken. The 

next implication which we shall state formally is 

Theorem 6. Given the antecedents of Theorem 5 and a firm in the sense 

of Corollary 5, the objective of the firm may be stated as: In each 

9: s'c 
period j, invest proportion v /v of a11 capitai in activity i, ij j 

YC Mj a 9: 
i = 2, ..., M where v = vij and the vij 

j ' 
are the values of v 

j i=2 ij 

which maximize 

subject to (2-8) and (2-9) whenever -cuf'(c) /u' (c) is a positive 

constant, or which maximize 

subject to (2-9) whenever -u3'(c) /u' (cj is a positive constan.t, 

* 
assuming, in each case, that v. > 0. Moreover, when the firm has 

J 

unlimited liability, tke optimal capitai structure (the ratio between 

debt and equity capit-all of the firm is arbitrary. 

Proof: The first part of the theorem follows immediately from (2-35), 

(2-39), (2-431, and ( 2 - 4 8 ) .  Turning to the second part, let the 

individual's optimal investment strategy call for allocating, in a 

given period, amount a to risky investments and a to lending 
1 2 

(borrowing when a is negative). Let the (final) debt-equity ratio 
2 



of  t h e  f i r m  a t  t h e  d e c i s i o n  p o i n t  i n  q u e s t i o n  be  0  2 0 .  Then by 

i n v e s t i n g  a  / ( I+@)  of  e q u i t y  c a p i t a l  i n  t h e  f i r m ,  t h e  i n d i v i d u a l  
1 

o b t a i n s  t h e  b e n e f i t  o f  (1 + Q)al / ( l+Q) = a l  i n v e s t e d  i n  t h e  r i s k y  

investments .  I f  t h e  i n d i v i d u a l  lends  t h e  d i f f e r e n c e  a  - a l / ( l+O) ,  1 

h i s  l e n d i n g  becomes a  + a l  - a l / ( l+O) .  But h i s  "share" of t h e  debt  

o f  t h e  f i r m  i s  0a  /(1+0);  h i s  "net" l e n d i n g  i s  t h e r e f o r e  1 

a + a  - a l / ( l + Q )  - Q a l / ( l + Q )  = a ? .  Thus, 0  may be chosen 
2 1 - 

a r b i t r a r i l y .  

Thus, s t a r t i n g  w i t h  a c o l l e c t i o n  o f  heterogeneous  i n d i v i d u a l s ,  

each of whom i s  b e n t  on maximizing (h. is  own) u t i l i t y  from consumption 

o v e r  t ime ,  we have n o t  o n l y  found t h a t  t h e r e  e x i s t s  a b a s i s  f o r  t h e  

fo rmat ion  o f  f i r m s  by s u b - c o l l e = t i o n s  o f  i n d i v i d u a l s  (each sub- 

c o l l e c t i o n  i n  t u r n  p o s s e s s i n g  s i g n i f i c a n t  h e t e r o g e n e i t y ) ,  bu t  t h a t  

each such f i r m  has  a w e l l - d e f i n e d  (unique) o b j e c t i v e  f u n c t i o n  and t h a t  

i t s  c a p i t a l  s t r u c t u r e  ( d e b t - e q u i t y  r a t i o )  i s  unimportant .  The f i r m ' s  

o b j e c t i G e  f u n c t i o n  may,be s a i d  t o  c a l l  f o r  " p r o f i t  maximization" 

where t h e  p r e c i s e  meaning o f  t h i s  term under r i s k  and w i t h  r e s p e c t  t o  

t ime has  been induced from t h e  most p r i m i t i - ~ e  o f  i n p u t s :  t h e  - 
p r e f e r e n c e s ,  t h e  economic c i rcumstances ,  and t h e  p e r c e p t i o n  o f  

o p p o r t u n i t i e s  of i t s  owners. Note that: t h e  maximizati.on of ( 2 - 9 4 )  or. 

(2-95) may be viewed as t h e  s h o r t - r u n  o b j e c t i v e  o f  t h e  f i r m  bu t  t h a t ,  

performed r e p e a t e d l y ,  t h e  s h o r t - r u n  maxi.mization p rocess  a l s o  y i e l d s  

t h e  long-run o b j e c t i v e .  

Concerning t h e  o p t i m a l  c a p i t a l  s t r u c t u r e  of t h e  f i r m ,  Theorem 6 

has  an  i n t e r e s t i n g  r e l a t i o n  t o  P r o p o s i t i o n  I of Modigli .ani  and M i l l e r :  

"The market v a l u e  o f  any f i r m  i s  independent  o f  i t s  c a p i t a l  s t r u c t u r e  



and i s  g iven  by c a p i t a l i z i n g  i t s  expected r e t u r n  a t  t h e  r a t e  0 
k 

a p p r o p r i a t e  t o  i t s  c l a s s . " '  To t h e  e x t e n t  t h a t  t h i s  p r o p o s i t i o n  may 

be i n t e r p r e t e d  t o  mean t h a t  t h e  op t imal  c a p i t a l  s t r u c t u r e  of t h e  f i r m  

i s  a r b i t r a r y ,  Theorem 6 does ,  o f  c o u r s e ,  suppor t  t h e  p r o p o s i t i o n .  

Perhaps  t h e  c h i e f  p r a c t i c a l  s i g n i f i c a n c e  of Theorem 6 l i e s  i n  t h e  

f a c t  t h a t  i t  i s  o f t e n  e a s i e r  f o r  t h e  f i r m  t o  borrow money t h a n  f o r  t h e  

i n d i v i d u a l  t o  do s o ,  e s p e c i a l l y  when h i s  n e t  wor th  i s  n e g a t i v e .  As 

i n d i c a t e d  i n  t h e  p r o o f ,  i n d i v i d u a l s  have t h e  o p p o r t u n i t y  t o  s h i f t ,  

wi thou t  l o s s  of u t i l i t y ,  a  la.rge p o r t i o n  of t h e i r  borrowing r e q u i r e -  

ments t o  t h e  f i rm.  Whenever a < 0 and @ i s  such t h a t  
2 

a  - a l / ( l + Q )  > \ a 2 / ,  we f i n d  t h a t  t h e  i n d i v i d u a l  s h o u l d ,  i n s t e a d  of 1 

borrowing on h i s  own a c c o u n t ,  become a  l e n d e r .  C l e a r l y  h i s  l e n d i n g  

might  t a k e  t h e  form of  a p o s i t i o n  i n  t h e  bonds o f  h i s  own firm! 

When y  = 0 f o r  a l l  j ,  t h e  r a t i o  between t h e  f i n a n c i a l  p o r t f o l i o  
j 

and t h e  p r o d u c t i v e  p o r t f o l i o  i s  c o n s t a n t  f o r  a l l  x s i n c e  
j 

M: 
J J.. ;vc 

z (X .) / C Z .  .Qx.) = ( I -<)  / v .  which i s  a  c o n s t a n t .  Thus,  t h e  owners 
l j  J i=2  J J J J 

ma.y i n  t h i s  c a s e  d e l e g a t e  -- a l l  o f  t h e i r  borrowing ( o r  Lending) r e q u i r e -  

ments t o  t h e  f i rm.  

Note a l s o  t h a t  when y = 0 f o r  a l l  j  and u ( c )  = l o g  c ,  t h e  
j 

f u n c t i o n  ( 2 - 9 4 )  t o  be  maximized by t h e  f i r m  c o i n c i d e s  w i t h  t h a t  pro-  

posed by Breiman and by Brown; by maximizing t h e  expec ted  l o g a r i t h m  

o f  c a p i t a l  i n  each  p e r i o d ,  t h e  long-run c a p i t a l  p o s i t i o n  o f  t h e  f i r m  

1 
Franco M o d i g l i a n i  and Mervin M i l l e r ,  ''The Cost  o f  C a p i t a l ,  

Corpora t ion  Finance and t h e  Theory o f  Inves tment , "  American Economic 
Review, J u n e  1958, p .  268. 



w i l l  be g r e a t e r  t h a n  under any o t h e r  p o l i c y  w i t h  a  p r o b a b i l i t y  

1 
approaching 1. We have t h u s  found ( r a t i o n a l )  s t o c k h o l d e r s  o r  p a r t n e r s  

who would s u b s c r i b e  t o  t h e  f i r m  investment  s t r a t e g y  sugges ted  by 

Breiman and by Brown. 

2 .11.3  The Debt o f  t h e  Firm: Limited L i a b i l i t y  

When t h e  l e g a l  s t a t u s  o f  t h e  f i r m  i s  such  t h a t  i t  h a s  l i m i t e d  

l i a b i l i t y  ( e . g . ,  i t  i s  a c o r p o r a t i o n ) ,  t h e  amount t h e  f i r m  may borrow 

i s  c l e a r l y  n o t  a r b i t r a r i l y  l a r g e  s i n c e  l e n d e r s  expec t  b o t h  i n t e r e s t  

and t h e  repayment o f  p r i n c i p a l  w i t h  p r o b a b i l i t y  l ( a t  l e a s t  i n  o u r  

model). However, s i n c e  t h e y  have f i r s t  c l a i m  a g a i n s t  t h e  f i r m ' s  

a s s e t s ,  t h e r e  i s  a  l i m i t  up t o  which they  should no t  h e s i t a t e  t o  l e n d .  

Formally we o b t a i n  

Theorem 7. Given a  f i r m  i n  t h e  s e n s e  o f  Theorem 6 b u t  w i t h  l i m i t e d  

l i a b i l i t y ,  t h e  optinia.1 c a p i t a l  s t r u c t u r e  o f  t h e  f i r m  i s  a r b i t r a r y  

excep t  t h a t  t h e r e  i s  a n  upper  l i m i t  on t h e  f i r m ' s  f e a s i b l e  - d e b t - e q u i t y  

r a t i o  imposed by t h e  l i m i t  a t t a c h e d  t o  i t s  l i a b i l i t y .  The upper  l i m i t  

on  t h e  d e b t - e q u i t y  r a t i o  i n  p e r i o d  j i s  g iven  by 

- >b i? 

1 -I- b(v.,) / v i  

61. 

where b(;':) i s  t h e  g r e a t e s t  lower bound on b  such  t h a t  
J 

M: 

L ~ e o  Breiman, "Lnvestment P o l i c i e s  f o r  Expanding Bus inesses  
Optimal i n  a  Long-Run Sense ,"  Na-iral Research L o g i s t i c s  Q u a r t e r l y ,  
December 1960; George Brown, Unpublished Notes ,  (1964).  



- >'c * 
and v  E (vZ j  ,..., 

j 
1. 

J 

P roof :  L e t  8 .  be t h e  f i r m ' s  d e b t - e q u i t y  r a t i o  and x i t s  e q u i t y  
J j 

c a p i t a l  a t  t h e  j t h  d e c i s i o n  p o i n t .  Then t h e  g r e a t e s t  lower bound 011 

t h e  f i r m ' s  a s s e t s  a t  t h e  end o f  pe r iod  j i s  

by Theorem 6 w h i l e  t h e  c r e d i t o r s  a r e  owed x . 0 . r .  Thus, i t  i s  
J J 

necessa ry  f o r  ( 2 - 9 7 )  t o  be a t  l e a s t  a s  l a r g e  a s  x . 0 . r  i n  o r d e r  f o r  
J J 

t h e  c r e d i t o r s  t o  r e c e i v e  t h e i r  due w i t h  p r o b a b i l i t y  1. S o l v i n g  f o r  

0. we o b t a i n  ( 2 - 9 6 ) .  It  f o l l o w s  from (2-8) and t h e  "no-easy-money 
J 

-Jc * 
condi t ion"  i n  2 . 1  t h a t  -1 s b ( v . ) / v .  < r - 1 s i n c e  t h e  f i r m  can on ly  

J J  * - >k * 
e x i s t  i f  v f 0 f o r  a t  l e a s t  one i and we f i n d  t h a t  b ( v . ) / v .  < r - 1 

i j J J  -.- 
f o r  a l l  such ;" 

j ' -* Yc 
It i s  r e a d i l y  s e e n  t h a t  when b ( v . ) / v .  i s  c l o s e  t o  i t s  upper  l i m i t ,  

J J 

t h e  maximum d e b t - e q u i t y  r a t i o  w i l l  be r e l a t i v e l y  l a r g e ,  and v i c e - v e r s a .  

T h i s  may i n  p a r t  e x p l a i n  why p u b l i c  u t i l i t i e s ,  f o r  whom l o s s e s ,  i f  

any,  a r e  t y p i c a l l y  s m a l l ,  a r e  o f t e n  found t o  have a high.er d e b t - e q u i t y  

r a t i o  t h a n  f o r  exzmple small e l e c t r o n i c s  companies, f o r  whom l a r g e  

l o s s e s  a r e  much more p robab le .  T h i s  i s  because  a lmost  any s e l e c t i o n  

p rocess  i n  which ezch non-degenerate  i n t e r v a l  on t h e  f e a s i b l e  d e b t -  

e q u i t y  r a t i o  s c a l e  o f  t h e  f i r m  hzs a p o s i t i v e  p r o b a b i l i t y  o f  be ing  

chosen would produce t h i s  r e s u l t .  (S ince  t h e  o p t i m a l  d e b t - e q u i t y  r a t i o  

i s  a r b i t r a r y ,  any s e l e c t i o n  p r o c e s s  which w i l l  choose a f e a s i b l e  r a t i o  

w i t h  p r o b a b i l i t y  1 would of course  a l s o  be o p t i m a l . )  



CHAPTER LIl 

APPLICATIONS AND EXAMPLES 

In th is  chap te r ,  we sha l l  i l l u s t r a t e  the r e su l t s  obtained i r _  Chapter  

I1 by means  of examples .  In addition, we sha l l  d i s cus s  br ief ly  s o m e  

of the applicat ions to which the model  studied t he r e  lends i t se l f .  

3 .  1 INDIVIDUAL DECISION- MAKING 

The c e n t r a l  c o r e  around w-hich the mode l  in  th is  s tudy was  devel-  

oped is the individual, faced with the economic dec i s ions  he m u s t  un- 

avoidably make ,  whether consciously o r  subconsciously.  Le t  u s  now 

compute what h is  op t imal  decis ions  would be  fo r  c e r t a i n  ut i l i ty func- 

t ions and under  a given s e t  of oppor tuni t ies .  F o r  i l lus t ra t ion,  l e t  the  

f inancia l  and  product ive  opportunit ies be as follows in each  per iod.  

PI  = r = I .  05 

P z  = j . 9 5 with probabi l i ty  . 5 

i 1. 20 with probabil i ty . 5 

B3 = { . 7 5  with probabi l i ty  . 6 

2. 00  with probabil i ty . 4 

= ( . 60  with probabi l i ty  . 3 

1. 20  with probabil i ty . 7 

F o r  s impl ic i ty ,  we sha l l  a s s u m e  that  4, R 3 ,  azid /3 a r e  independently 
4 

d i s t r ibu ted  and that  each  opportunity m a y  be  so ld  sho r t .  When the 

pat ience  r a t e  cu i s  . 88 and the non-capi ta l  income i s  $10, 000 in  each  

per iod ,  the opt imal  consumption and inves tment  decis ions  for  the 

one-per iod utility functions u ( c )  = u ( c )  = - c-', and u (c j  = l o g c ,  

respect ively ,  a r e  given i n  Tables 11, 111, and  IV. As the  tables  show, 

the p e r s o n  whose one-per iod  utility function i s  - \ /c  inves t s  and 
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