


While these assumed conditions undoubtedly are too restrictive to
be representative of many real-world investment opportunities. they
clearly hold approximately for stocks, bonds, and other liquid invest-

ment vehicles,

In accordance with the preceding. let us denote the transformation
in period j of a unit of capital invested in opportunity i by Bij; that is,
if we invest an amount 6 in i at the beginning of the period, we would
obtain Bije at the end of the period (_BJ.J. is the random variable). We
shall postulate that Bjj is non-negative and bounded from above for
all i and j. What this means. of course, is that when one is in a long
position, one can at most lose one's investment. and that a finite
amount invested will always bring a finite return over a finite time

period. Both of these propositions certainly seem reasonable.

We shall assume that no combination of productive investment
opportunities exists which provides, with probability 1, a return at
least as high as the borrowing rate of interest. (We shall, in the
next section. postulate the existence of positive rates of interest
such that if Ty 1 is the rate at which individuals may save and

rp - 1 the rate at which they may borrow. then r, > r, ) Letting

B="L

i = 1 denote the financial opportunities and i = 2 . . Mj the

productive opportunities available in period j, this implies that the

Bij satisfy the inequality

M.
J

Pr Z(Biqu)e;. <0)>0 all j

i=2 E

for all finite numbers ij > 0 such that eij > 0 for at least one 1.
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We shall also stipulate that no combination of short sales exists
in which the probability is zero that a loss will exceed the lending
rate of interest. Thus, the Bij also satisfy the inequality

Pr{ ), (By; - rL)Qij < o} > 0 all j

ig Sj

for all finite numbers ij < 0 such that Qij < 0 for at least one i,
where Sj is the set of opportunities which can be sold short in period

j- In addition, we shall assume that the Bij are such that

M.
J
) Bifii - L Bigfyy < 0) > 0 all j
::L:Z kg Sjk
id SJ
M;
for all finite numbers Qij > 0 and all S;"' c Sj such that Z Q*j =
: =2
ié S*
J
E ij, and Qij > 0 for at least one i. The last inequality states
ke S¥
i

that no combination of productive investments made from the proceeds

of any short sale can guarantee against loss,

When Ty =T the three preceding conditions reduce to
M ‘)
Pr (BU - r)@ij <03>0 all j
i=2 |
J

for all finite ij such that Qij > 0 for all i¢ Sj and ij £ 0 for at least
one i. We shall refer to these restrictions on the distributions of the

Bij as the ""no-~easy-money condition'.
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At each decision point, we shall assume that the probability
distributions of return are known for at least the subsequent period.

That is, the distribution functions

Fj(XZ"Xy ¢ ¥ . XMj} = Pr{BZj SXZ, ’83j §x3,, Lo, BMJJ <xMj}
will be assumed to be known at the beginning of the jth period, and

generally earlier. The Fj will also be assumed to be independent.

In real world situations, the individual would of course be forced
to derive his own subjective probability distributions, 1 Numerous
descriptions of how this may be accomplished, on the basis of postu-
lates presupposing certain consistencies in behavior, are available in

. , 3
the literature; see for example the accounts of Savage2 and Marschak.

The realm of risk is generally said to prevail when the probabili-
ties of the possible outcomes in a decision situation are known, while
uncertainty is said to exist when these probabilities are unknown. By
this classification, our problem, as defined so far, clearly falls in
the realm of decision~making under risk. However, the distinction
between the two categories is not as sharp as the preceding definition
might suggest. To show this, let us for a moment consider decision-

making under uncertainty.

Even if he adopts what he considers to be an objective probability
distribution, the very act of adoption makes the distribution
subjective,

Leonard Savage, The Foundations of Statistics, New York, John .

Wiley, 1954, Ch. 3.
Jacob Marschak, '""Decision-making," Working Paper No. 93,
Western Management Science Institute, University of California at
Los Angeles, December 1965, pp. 18-20.




The first observation to be made, as McKean has pointed out, is
that in taking a position on an issue (under uncertainty), an individual

implicity quantifies considerations which he refuses to quantify ex-

plicitly. 1 Going one step further, it follows as a theorem that a
decision-maker who observes a certain measure of consistency in
deciding under uncertainty in fact imputes a probability distribution
over the possible outcomes, regardless of what criterion is used.
This distribution is such that if it is used to solve the decision prob-
lem under risk, it will give the same solution as was obtained under
uncertainty with the given criterion. 2 As a result, if one is commit-
ted to this (highly reasonable) measure of consistency, it would seem
that one might as well convert the decision problem to one under risk

by searching for the necessary probability distribution(s}.

In conclusion, let it be said that probabilities are not something
which only theoreticians consider. To quote a leading investment
banker: '""We are not seeking sure things - we are seeking

probabilities. "3

1.3. 4 Financial Opportunities

As alluded earlier, we shall postulate that the individual may en-
gage in both borrowing and lending operations. The interest rates for

both activities will be assumed to be known with certainty and to be

! Roland McKean, Economics of Defense, Santa Monica, The RAND

Corporation, P-2926, July 1964, p. 12.

see Duncan Luce and Howard Raiffa, Games and Decisions, New
York, John Wiley, 1959, pp. 287-294.

Sidney Homer, Bond Investment Policy for Pension Funds, New
York, Solomon Brothers and Hutzler, 1964, p. 14.

For a detailed exposition of this result and the underlying postulates,

31



invariant over time. We shall also stipulate that r_ > r. > 1, where,

B—-"L

as stated earlier, r, - 1 is the lending rate and r, - 1 is the borrow-

L B

ing rate.

While no absolute limit will be placed on the amount an individual
may borrow, it will be assumed that the individual's debt must at all
times be fully secured by his resources. In this connection, it should
be noted that as long as the individual's debt is smaller than the pres-
ent value (on the basis of the borrowing rate) of his (certain) non-
capital income stream at the end of each period, he will always have
the resources to pay back both interest and principal with probability
1l under our assumptions. ! This value, then, would logically seem to

be one of the induced upper limits on borrowing with which we have

reason to be concerned.

Presumably, no rational lender would therefore hesitate to lend up
to the amount of the present value of the non-capital income stream
as long as the debtor always pays his interest and consumes and
invests so as to be able, with probability 1, to do so without extend-
ing his debt beyond this limit.
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